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Page 2.

Annotation.

Jynamic programming - r-cL &..j ).iryent and intensely developing

section of mathematics, wh& .v. aataods fcr the sclution of

important practical prckless. i aa-asaoa deals with planning/gliding

of production or other iroceaw- waea control by them is realized by

a mulaistage path in view ot tabia camLlexity. To such tasks can be

attriouted, for example, tau sa.&wd;i±a ot the mcst advantageous

profile/airfoil for layanq oi "a. raiJiway line (decomposed into the

seri34/roW of sections), Zas a.wcti.)a or the best sizes/dimensions

of thi steps/stages cf EUlia~a; w Zo.kdc and many others.

Ln this bock for the z 2 ae La "tae Soviet litarature is done

the attempt to accessitly ebu$A uasij ideas and methcds of dynamic

programming.

Zhe hook is of interest io.Ae w.de circle of the workers of

scieae and producticn, anu &.Lj z r aLl persons, developers of

conteaporary science intereso.&.

Page 3.
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Preface.

rn the book is given car e.enc~acy jresentaticn of the method

of dtyaaic programming whica is" i sidirdd as tha 4eneral method of

the construction of optiaua ;ciw;,,. ay different types cf physical

systeas. The book is intencaL zw. ch3 ingineers, the economists and

the scientific wcrkers cf t ua 4 zr a specialties, which are

occupied by questions ci a nl/ liding. and also by the selection

of tha rational parameters o& t.a4nizal davices/equipment. The-author

did nA place to himself oy ba -B.sk oi giving strict and consecutive

presantation of the uatem z.cA. .pacz of methcd, and he attempted

to mate him clear and avai.L,,Iw rui tha wide circle of practical

workers, who do not have sks M&tnaaatical formaticn/education and

interested mainly in the di.,.c; ia./xpLlicaticn of a method to their

tasks interesting. This taz i.;wwrsiaaed by itself the style of the

presentation accepted: the vox aazely c4.tains strict proofs; the

explanation of the principloa Qz i.taod is conducted with the support

to tha multiple practical taaxs "Q ae examples of which many are

led to the concrete/specific/acuaa. auaerical result. Tasks and

examples are undertaken from tAnt.m r varied regions cf practice; in

the presentation are strasae4raw ,disca./common/total features,

which make it possible to aeia. h yaair similar methods.

r ~ ~ ~ ~ ~ ~ ~~', - m - -. mls s sm m mmmmmmmmmmmll mlmlm
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Page 4.

The mathematical appai.ct&,us, -Abei La the took, is simple and

.iowhere it exceeds the oza.. .fe course of advanced calculus, set

forth in all VTUZ Cl4ne tacanical educational

instizution], and for the maoo &A. Lt does nct require even this and

is reluced to the simple ar3....wtu xad algebraic operations.

Howevar, for the conscicus imas.#uLa.ng of material is required the

known stress/voltage of -cxo~.,az.. )I saawnat unusual ones for the

inexparienced reader can see.a ;aw usai with the presentation general

formulas; however, the sense oz c"*;j3 toraulas and figuring in them

d-3sig.aaticns is in detail dXi.... La cha text. For the

understanding of two laer/A.a.*. rarlgapas (§§ 15 and 16) is

required the acquaintance .L,h cus elesentary ccnc, pts of the

probaoility theory.

rhe disnantled/selectuwi a; .;* oook specific problems intended

are salected very simple taau zu; cuaoars3me calculations would not

shield the entity of methou. Iu e.cca, as a rule, it is necessary

to be encountered with the mere i..-%pksz problems for solving which it

is necessary to draw ccntemsrwaj, .lactronic ccmputational

qnginering. Keeping ir aina taw ,.e for the ccmposition of machine
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algorLthus. the author tor te idcogston/extent of the entire book

uses the standard logic cizc.ii u, tia construction of the process of

step by step optimizaticn da, taw stlniai sequence of formulas,

which facilitates prcgramamn, rw.L zVrsd Lelectronic digital

computer].

Che author conscicusly uou&uau aiiself by the examination only

cf th4 discretized problems ,L apaamic programming wita a finite

number of steps/pitches a aa laz ai a the lisiting cases, which

correspond m-*- and tc the u6Lu"itftd decraase of the length of

step/jitch. However, the diLb..aJcc mdstariag of the idea of method on

the slementary tasks can suazA .alLy tacilitate tc reader, who

dasiras to obtain more int.matr s."owleqb, further study of

obje=r./subject on the acre solli ii ga ameats/anuals.

Ye. Venttsel'.
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§ 1. rask of dynamic prcqramA"..o

jynamic programminr (oz, ora.Lwija, "dynamic programming") is

the special mathematical ayrd., da-ch perwits iKplamention of

optimim planning/gliding oz aa j6tco-1kd prccesses. Under "those

controlled" are understccd z.e ezucesss to ccurse of dhich we can to

cne or the other degree a&iftet.

didely-known close att.t*.Lu, q.Lvau Dy contempcrary science to

questions of planning/gIad..i- a , ;*i zaqons cf human activity. Most

-eneril problem of optizim i-aS i r.lA.ann/jlidinq is placed as

follows. -

et be assumed to tae .s air n certain action or the series

of tha actions (is shorter, "oweeatoa"), which pursues the specific

target. It does request itsA.9. ,j ivt as necessary to organize (to

plan) operation so that it %vP "a be sost afficient, i.e., in the best

4ay satisfied te stated bbwizd it requirements?

so that stated prctlea wt Qer-mau planning/gliding would gain

quantitative, mathematical ".aracT.r, ir. is necessary to introduce

* ..
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into the examination certaxi naac.ic criterion W, by which we will

characterize quality, succbsa, vA,.iciaacy of operation.

ialue W. dppending on uk kaaLactar of the decidel task, can be

chos3a by different Eetbcas. Fuz oxaple, during planning/gliding of

the activity of the system u iLn i1AtcLdI enterprises as criterion W

can b3 (according to the ca sa selected the total yearly

volum* of producticn or tne Aez Awvenud; the criterion cf the

efficiency of the wcrk cf zLairo*Y iys es can ba, for example,

generil/common/total gccs . t r.rover or the mean cost/value of

the saipment of the tcn cf Liaa.

Page 3.

The c-riterion of the effac'.Acj uL tae oombing raid can be, for

example, average/mean area cA. t. i-ausua destruction either ar

average number of affected oawjis.-t, jr the cost/value of the reducing

works which it is necessary to a. iLL opponent.

enerally the criteriju oz eAi-iaicy in each specific case is

chos3a on the basis cf te -ze,4eul iracticnality of operation and

task if research (what el e °i.t Q Loarol is cptimized r,-Wt for

which).
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rask of rational lanr, .4/,.Liaj - to select this methcd of

crganizing this system ct .k iLu-.-s la order to become maximum (or

the minimum) some criter.o, g. A Qs rae criterion is undertaken such

valua whose increase to us i. eLj.tiaiu (for example, income from

the group of enterprises), La" tagf attempt to become maximum.

If, oa the contrary, value w ir. pro.itable to reduce, then it they

attempt to become the :iniaua. 4L is o~vious, the task cf the

minimization of critericn 4 Ly &z reduced to the task of

maximization (for exam~le, a. caiage of critericn). Therefore

subsequently in the exaaina.cu ui tna tasks of planning/gliding in

the gineral/commcn/tctal st..iL *is ii frequently spiak sierly

about the "maxisizatir" c¢ -.ziz. .Lou 4.

.et us give now quant-irar.Lvo, matiiaaatical posing of general

problaa of optimum planiny/ .ny.

rhere is certain physical zi-14Lea 3 whose state in the course of

time 7aries. Process is ccauf G-La, L.4., we have the capability to a

certain degree to affect irs couz w, caoosing at its discretion the

anotiar control U. With tne oua LS connected certain value (or

criterion) W, which deFendb oa "a useI control. It is necessary to

select this control U sc taw L valai W would beccme maximum.

Zontemporary math4Eat;.QcA c; .&n aas available the whole
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arsendl of the methods, whicu A=a it Ljssible to solve the tawk of

optimum control. Among the& Q . 0oa.ticn cccupies the method of

dynamic programming. Te spe t 4.;hirctar of thiv method, in the

fact that for finding the Qr) -oatrol the planned/glide operation

is divided into the seri~as/., j.. 4;oasacuwive "steps/pitches" or

"stagas". Respectively tae vmrj r,;cass oi Flanning/gliding becomes

"multistage" and is developm ;uaectively/serially, from one stage

to tha next, moreover eaca r.a . optiaizad control cnly at one

step/pitch.

Page 7.

iome operaticns naturd.y Lato the stajes; in others this

articulation is necessary to a- -ia artificially.

Let us consider an exda.J., "±ugicilly multistage" operation. Let

be planned/glided the activ&4.j z .ectdin system of the industrial

enterprises
f. n2. ,

for zartain period of time 1, da.&,* zoasists of m of economic years

(Fig. 1.1).

In the beginning cf pez.a T zo: ta6 development of the system

of enterprises are selcteu actsa aas means K; furthermore, the
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functioning enterprises give u jnojd, which is realized at the

end of each year in the rci. 9 ,4Ae/cirvan gain.

Xn the beginning cft a c, l yeaz (i.e. at moments/torques

t,, 2 ..... ti ..... t,) is prcdtcerau ziua n n ne entire system of

enterprises, moreover fcr w.a ji -hma . selected some snare of the

means, available at this t.;.am a rae disjosal of the planning/gliding

organ/con trol.

,.t us designate x(" tna aui, sap.trated in the beginning of the

i yeir in the share cf enr4izr.i.N rij.

Is raised the questic": aui . Ls aac.ssary to distribute on the

enterprises initial capita. )( a," &nzoaes entering so that toward the

end oZ the period cf rlannla / ~n E total income from the entire

systam of enterprises wculk bd ACLA ,aaam?

Zhe formulated task is ia.4 zjeiz task cf multistage

planning/glid ing.

"et us look, are suca zal ca a3 adpproaches to the solution of

this ?roblee.
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t, tt  tj tj tj., em r

Fig. 1.1.

Key: (1). y year.

Page 3.

.et us assume that taw Ai....ut.,n of means on by 1-th the

step/itch of operaticr is carz&k oat, ;..e., we selected the

specific controlU ,:

Formula (1. 1) is read as f oo .catoa U, cn oy l-th step/pitch

lies in the fact that us ia .o eacerprise P, cf means x". to

enter.rise P2 - means xan sc L

Jsing widely used teraiAo.j, :onrrol U, it is possible to

visualize as vector in a K- rauarx ipace whose ccoponents are

iqual to .c'.x 2 
. .

j.at us consider artma .i Li c2atrols (allocated resources)

U1. U2. UOR (1.2)
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at m tqps/pitches of cperz.&ij" sa m j vectors in a k- dimensional

spaci. The critaricn cf i, 0 2 4tistace cperation, as

hich we did select total a.4 -. a "a a jj years, does defend on the

entirt set of ccntrcls 11..j-
W = U l.  U2. ..... U .). 1

ZI raised the Iueatou: &a % saLact contrcl at each step/pitch.

i.e., a3 to distribute su.a*, so.a; .a6 value J wculd take maxium

valua?

rhe posed by us asel a.. ba.fIC wXMIFpl Froblem easily can be

enerilized.

.et be planned/91aed U40 w&ai..acLa•r, which fails to . of

consazutive steps/pitctes uz sr.... I. tae beginnirg of each (i-th)

staga it is necessary in a - aaaor to select available

parattetrs

set 3 which
U, =(,'" ?. .

forms control in tho i ata&,..

Page J.
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As it is necessary to o., ;L ,.ha set of the controls

U1. U.J. ..... U,,

so thit certain value W. wa.&..a 4 nls or, it, wculd become the

Sax ia,40 IV (U. U2 . U,,) = max?

Th- methoi of dyna.Ic ,..-a-,i aaxes it possibl, to produce

this 3ptimum Flanning/.L A&,, & by scup, oFtimizing in each stage

only )no step/pitch.

.enerally speaking, t&io srr.%a:ZU Z the determination ct the

optimAm solution iS not tne %on&, kwss .oltz. The taix of planning the

sulti.stage processes in thw erAu.ela ats ancther solutica -

direc,; with which all ste Op.&r;ss a£C joined intc cn.

Actually/really, let 4a p.b,.: aritericu 4 as function from

the 3lements of conticl at e"ca &Lp/p tca:

V=V ( ;.1). -.". .. X... .. I . ... )

(1.4)

This function of many aquamt.t. A. oa ;rdced to the maxiaum, as

such, without the necassar 1 %&"" 1A of the elements/cells of

contril "on the steps/Ftci.m". o, rt1,.s Lt is necessary to find this

value part of arguments 2.I)(1=1. 2.... .m / I. 2 ... ). with which functicn
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(1.4) reaches maximum.

146 would seem, by fa-I Lt Ls necessar'y tc use fcr the

deteraination of maximus tafi "a..Ai ewhcd: to diffarentiate

finction W of all acgitrents, t~j fojiata derivatives zero and to solve

the 3.tained system cf equat~c.L-

()IV __ W OW #)IV
(2.0. 1 -- . -0. - ( -)

-;'2 '2  7x
2 Ox'~- Oxas

.fowever, this simplic.&t, &, LI14wry.

zirst, whan steps/it.A~us Au;" tais uethcd becomes very bulky.

The tisk cf sclving the SY.SteM #.& vqu&aJ.Lc.s (1.5) xn the simtiest

cases only proves to be eaj& SoLvaala. As a rule, it is very

complLcated, and frequertl~ at " waisr directly" grcpe" the maximum

of fuaction (1.4), than to swive 4.teis of equation* (1.5).

Fdge 10.

Furthermore, the sethou 1au.LatbaI loas fct completely guarantee

the Iaterainaticn of ttbe soL-" I us recall that by itself

rotatj~on/access of d~rv&U.v. i~~ozdr3 aoes not ensure the maximum

of fuaction, and is always rw#~# currcher checking. Aoreover, this
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methol does nct give tla p~xoi. y to tind waxmuum, if it

lies/rests not inside, kut GA. taz. oj4aly of the region of the

possijle values of the arguL.aen4 ifoc ixaaple, see Fig. 1.2: the

abso14te Maximim of furcti4i& -dtAj .s reacaed not at points X., x2'

x3, 4aere the derivative is . IA. o zaro, but at and-point ,' of the

regio.a, in which is Freset c-e Lu4tLon) . So that even in those rare

cases when system of equat.' t1.5) cca~ oe sclved, finding absolute

maximum requires the whcie 4ystaw 4f caocxings, the aocre comlicated,

the greater the arguments Ain tu Oa.

Finally, it is ncesa ru Pupplaaent that in the series/row cf

practical tasks tuncticr v 4#&a,.&.,. ciaaot be differeatiatid; for

example, when the elements . c&urU ,ox .. ...X.M..CM. x.. .. ..

are tae not continuously nor. n but discrete/di4ital values.

All these circumstances Iwau io taa fact that the

use/application of classic4L ao4wus of analysis (or the calculus of

vari*;ions) to the sclutiou ut ufw mijurity of the tasks of

planning/gliding proves to bi it reduces initially

statel prcbleu cf findirg tam a..xuaui to such secondary tasks which

prove ti be nct simpler t a Ca. A.AitiAi, but often also it is more

comFIcated.

at the same time th6 su.,L o .4cn many problems can be
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substintially simrlified, LL iw uwveie the process of

pLann.ni/gliding stop t sxap, L.e., aj the method of dynamic

programming. The idea ci mwotoki , tas iact tt.at ti'nding the maximum

of tha function of many v GccL/G.Lti;Ladting is substitutad by the

repex;ed finding of the Ia."Ua wL fjanzion of cne cr small number of

varitile/alternating.

4hat in this case axe app.Lad mataods, it will be evidently frcm

the f1ilowing presentation.

I Z

I I

- = , :, j

717. 1.2.

.... .... .... ----



Doc 80151501 ,i ii

page 11.

§ 2. erinciple of the step v b, cnaszzaucticn of optimum ccntrol.

rhus, dynamic programa..j -.,a o. step planning/gliding of

the ailtistage process, auri. w .Lch ia adch stage is optimi2ed only

cne sep/pitch.

At first glance it cda ea rera. formulated idea is sufficiently

trivial. Actually/really, tar 'a. hiri odd: if it is difficult tc

ootimize control immediate.iL ior ae alonaticn/axtent cf entire

operation, then to deccmuose r. .iAto taa series/row of consecutive

steps/pitches and tc optimu.a iva&e each step/pitch. Not so

whether?

Zompletely not thus , [!ae k-Librc.pi.a of dynamic programming does

not ia any way assume tiat, ca %i-g contrcl at one single

step/?itch, it is possitle to a.jt d.out all cthers. On the

contrary, contrcl at each s /Lch aist be chosen taking into

accouat all its aftereffacr. " T.A iw r. Clamc programming -

these are planning/glidin4 Laragtwd , taking into account

nronect. This not ,hort-sighted nlannin blilnd!7" for

one sten ("cone what ,na:y nrovided wras now- -ood"). In the
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contrAry, control at each j caosen on the basis cf the

interasts of operaticn as A whai.

wet us illustrate rke i.e " -farsighted" planning/gliding

based on examples.

Let, for example, te e.Luu/tlidjd the work ef the group of

heterogeneous industriai exz&!-Ps fOc the Feriod of tiue m of

years and final task ir obd.n..u tha saxaut capacity of the

prod4action of certain claS4 C Of "asu.a4rs' goods.

En the beginning cf ?. x ,4 a secific supply cf means of the

production (machines. equivwm-;, wi ;a tne help of uhich it is

possiale to begin the Fzc~du 4C% % ods of this class.

Sy "step/pitch" or ws.a o. taa process ot planning/gliding is

fiscal year. Let for us be " lue ver czw selecticn of the solution

for tae purchase of raw mazle.id.L, aazhb.es and the distribution of

means according to the en rba ta cae first yaax. During the

-shora-sightod" step by sta ,n/j2.4iny we would make the

decision: to put a maximum AArj t meaans into the purchase of raw

material and to release exi4.L.Li *acniaas at full power, whereas

approching the mazimu cae a6..Lr 2 vL ta.iroduction of class C toward

the sad of the first yeaz.
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r3 what it can give t.i O aaig/i.ding? Io the rapid wear of

machiae park and, as a rws .a co " rhi Zact that on the second year

the production will fail.

luring the farsighted LaaL./Li.dang, cn the ccntrary, will be

proviled the acticns, whica .ns.a fll.Liaq machine park in proportion

to its wear. Taking intc dc(;6aa ;ca ,avastments the capacity of the

production of the basic goou., C.,& tne f;.rst year will be less than

it coild be, but will he prowviau -ha osibility of expanding the

production during the sEbsaiea.; %oars.

"et us take another exApEa. xha Lirocess cf planning/gliding in

the caeckered game also wlki tJ . .ao tae single steps/pitches

(courses). Let us assume taai. tal ri4uzes are conditicnally evaluated

by cae or the other Dumter o. ,..abaS d.&a respeCt to their

iaportance; taking figtre, t. a h. zuaber of glassas, and giving

up - 4e play back.

deasonably whether it w..i.L, zaiax.a over chess matca on several

steps/pitches forward, alftla 4,.ra:h at each step/pitch to win a
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maxim am number of glasses? IL % uLv~o~s, no. This, for example,

soluti'on, as "to endow .Lguza", LaV9C Zan be prcritably frcm a narrow

point of view of cnly cre coutre, &ut r can he profitably frcm the

Foint of view of match as a h.L.

jo is matter, alsc, L11 cnU L4i l a practice. Planning/gliding

multitage operaticn, we mu-.. ca4,wba conizol at 3ach step/pitch, on

the basis not of the nairo4 .ntw.azti if precisely this step/pitch,

but oa the wider interests o or-.&tjoa as a whole, and hardly ever

these two pcints cf view coi..cidb.

Jut how to construct r-a.s : ie already formulated the

gsneril rule: in the prcci-c.6 " s.tp ri step maragament planning at

each itap/pitch must be accat.rtu Xknj antc account the tuture.

Howevir, from this rule tneru & a xcepzion/elimnaticn. Amcnq all

steps/pitches there is cue, da.u cai is planned/glided simply,

witho.at the "caution tc flb iutu -. uita this is step/pitch? Is

obvious, the latter. This LdtLtw/Acest step/pitch, single of all, can

be planned/glided so that ;. a abuch wou~.d yield tne greatest profit.

,After planning cptima,i, n. lit ; r/last step/pitch, it is

possiole to it "to attach" nwxr-zv-lisz, to this in turn, of

prepa ultimate, etc.
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Page 13.

therefore the proc4Es's . 1,jaAiaz roqramminq is alwaycs

ttrnal/run up in the oIjos. .La o" ca~e t.Lx~e direction: nct frrcu the

beginaing toward the end, iJUL r.,;m tak ana/lead at the beginning.

First of all is plan ne d/ a 4u44;ec/last step/pitch. hur- as it tc

plan, if we do not kncvm hcb i o~ iett-to-last? it is oovicus, it

is nacessary to do diffezeL-. a.6Uua'tL0uS about that hcw ended

next-zo-last step/gitch, arLc to. aci of~ them tc select conticl on

the litter.

, his optimum contrci., so tk;-4. thne specified condition

about that how end'd th7e pLawioua zia/p~h we 4ill call

conditional optimum ccntirci.

rhe principle of dyaam.i. p.&uj raain n requiras determi.nation at

each step/pitch of condaitioa~1 i ov..mum control foc any of the

possiale issues Of 't~e jlxou±at, 3tep.

Let us demcnst-rate tais i Aj.r) tai~s prcdure. Let be

plann-3d/glided a m- stelj ojazdL.aw, inA it is urknowri 4cw ended (m-1)

-th szep. Let us do about ta- 4 awr3.ai/zow of "hypctheses" cr

"assuipticlis". These hjcU.Pas wo WLIj. aesignata:

S1.1 S("2, 3I-V (2.11
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we wil be specified, that -y Lattrr 4,1 is nct compulsorily

desigaated one number: ta .A Los aad tae grcup of tbh- numbers,

which characterize issue (&-J) -t oi itep but can he and the simply

quali;ative state of that Vsia sys~e, in which proceeds the

contr.)lled process.

Let us find for each oL as.u.~AtLons (2. 1) conditional optimum

contr.l on the latter/last iby caw m-ta) step/pitch. This will be

that )f all possible cczt:oL. UM. T. T ia.ch attains a maximally

possiole value gained at tua icLLt-wi/ait step/pitch.

"et us assume that foi Qaca w isjumptions (2. 1) conditicnal

cptiaimJ control U,, on tie ar-ac/&sz stap/pitch i: found:

,,,,o,,,-) 0; U,,(SM .- .. .; U,,)2) (",,,.); ... (2.2)

This jeans that the latter/.Lss .. ,-p/t.tca is planned for any issue

of na t-to-last.

Page 14.

A.et us switch over to .adAh.M/j..diag cf follcwing frcm the

end/lead, next-to-last / La us again do a series/rcw of
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hypotaeses about that tcw fuAaw .psailti mate ((a-2) -th) the step:

. ,. .... .... ... (2.3)

Let u.i raise the questicn: a# .4 -. as nacbssary to chocse for each of

these hypotheses conditlcndi oc aum control at (m-1) -th the step?

Lt is obvious, it must ae caosea io that it, tcgether with the

alrealy selectad ccntrc! at u.h &a#tdr/l4st step/pitch, would ensure

the aiximum value cf criter.La w L a iatter/last steps/pitches.

In cther words, fcr ed" oz Sjp.taebs (2.3) it is necessary to

find rhis conditicnal citimu cou.zot on (m-1) -th step IJ,_(,. so

that it, in conjuncticn wit. a.Lwy oatdined ccnditicnal optimum

contr.)l U, -S,.-). would cive m4.lJ possible prize at two

latter/last stsp./pitckes.

£t is obvious, tovard t-1j-,iu 4a step/pitch thus accurately it

can ba connected (m-.) -zb Ld Q rorc.4a up to the quite latter/last

(frcm the end/lead) 1st St-/.Li froa waich tte prccess begins.

rh- fir-t step/pitch, L. zouiasr to all others, is

planned/glided somewhat ctae .wi. Siu.rze de usually know, from what

begins the process, then t oL u4 .. n. iouger required tc make

hypotaeses about state in iaca . .n the first step/pitch. This
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stat3 to us is known. 1harzo-er, Ltuk1l4 iato account that all

subs- juant steps/pitche.s itu uA , t b 3cu, etc.) are already planned

(coniitionally) , to us it crzai .a1Aply to plan the first step/pitch

so thdt it would be optimum rdr..4Iu iato dccount all ccntrols, already

accepaed in the best wa) bi * 4,ssd JIt step /pltches.

rhe principle, Flaced a. ;u. Aa~ii ot the construction of such

solution (to seek the alwals o;.Aua continuaticn cf process relative

to thit state, which is acaiv-6/&.aza-d at the given mcment) they

frequintly call the prircit.. o. .ae itiaum character (see 1]).

Zhe general/ccmmcr/zord. cA ni n of the methci of tte

construction of the Ct.iuM c L.n bf tae method cf dynamic

programming which was givea .n a p asi.sri paragraph, in view of

quita its generality can swe a ucamirnensible. Therefore the

folloding paragraphs (§§ 3-5) we wiiL ua.aLcate to the soluticn of the

specific problems on wich Lot aurl ao give tc him tore

intelligible interpretaticn. Suiauj.uaaij, intc 6, we again will

retura to the general/ccamoa/ ta.Lu for.aulatior of the problem which

will prove to be clearex a..n e b.cu Krcund of the already

dismaitled/selected spicitf.c ex.Aeo
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Page 15.

§3. Tisk about the gain of a.t.u~d iad vlccity.

ine o, the simplest ra.b&s, ou&v d by the method cf dynamic

Frogramming, is the task auoz "a opI.5umaE climb and velocity flight

vehicle. From this task we otag ize;uatazicn of practical prccedures

of dynamic programming, acrevw.c zor tae purpcse of systematic

clari;y the conditics ct c a" uj to the extreme simplified.

rask consists of the . £as aircraft (or another

aircrift ), which is fcund o. ai"au da iad which has velocity VD,

must je raised tc base at.Lt"4eH... iaL Lts velccity is led to preset

value V,,. Is kncwn the tue .Lo tod, required for lifting the

apparatus from any heict n,, ca sq :aithar H2>Ht at the constant

velocity V; is known also ta. Lua ciasuaption, required for an

increase in the velocity £icm aj vatAu oi V, tc any other V2 )V1 at

the constant/invariable be 9"z a.

Lt is necessary tc fi=u taa vkt~A3m clist and velocity during

which general/ccmmon/tctai za c a,3?t.Lon will be minimum.
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rhe solution we will c.A as follows. For siaplicity let us

assuma that entire procei vL o !a. or altitude and velocity is

divilad into the series/row or e steps/pItchas (stages),

and fir each step/pitcb aic&:it A.crdasas only height or only

velccity.

4e will be depict tr wa.wa 3iLncraft sith the help of the

point on certain plane Voti, wbw . tha abscissa represents the

velocity of aircraft V, ana icuLte - its height H (Fig. 3. 1).

2he process of the dis c& aut of point S, which represents the

stat3 of aircraft, frci znb .; ;t S o into final S,.. will bs

depicted on plane VOH as Cct.&,. .4eadd orcken line. This line

(traj3ctory of the mcticn r jo.Az S o.A plane VOC) will characterize

contrl of the process ct tri a. of altitude and velocity.

Page 16.

Lt is obvicus, there az= w p..ib4le ccntrols - many

trajectories cn which It a-i jazake o translata pcint S frc So in

S... 'I these all trajectcraw*. .% &b .,aesaary tc select that cn which

the salected critericn W (Lu.i cA6zamk.xLn) will be minimum.

£n order to construct r.a o t;oa ay the uathcd of dynauic
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programming, let us di'.de . ,-H., which must be assembled on

aircraft, on nj of t)e Gq u. ,&4.a (Lj: eamFle, to sit, see fig.

3.2), and velocity V.-Vn. wic A. is nacessary to gather, cn nz of

equal parts (for example, to 4"-b- "t us divile the Frocess of the

gain )f altitude and velcca r.& tae single steps/pitches and we

will consider that fcr cne sLra/r.&tc4 the aircrait can either

increase height by value

AH
n/I

or velocity - to value

AIV V,

A numier of parts n1 , C2 1"W Az* a ivided intervals

4/. ,,/,. V.,.-V,,. fundamental va.iL aa ,o; have and can be selected on

the basis of the requimea" L(.4; thd 4ccuracy of the soluticn of

protlam. Pair of numbers n1, na 4LaruLaes by itself the total number

of staps/pitches a of tte ai.lP e procass cf the gain of altitude

and vi-locity

i = 1-t- 42.
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Page 17.

Of ouc case (Fig. 3.2) any r.ajLu4r4j dili consist of fcurteen

steps/pitches:

m=6+8=- 14

(as, for example, each ct tww L&jact~ocis, ncted by arrovs/Fcinters

in Fig. 3.2). Being moved zzja S* kn S.,,. point S can move cnly over

the h3rizontal and vertica" aevaus.

et us register on eaca oz .Asd segments (Fig. 3.3) the

corraiponding to it fuel con.&au&ui.n i, some arbitrary units .

POOTN)TE 1. The digits, iv&.& e.&og.. j.3, are selected from the

systeaatic consideraticrs iuu u u.Ln4 in commcn 4ith the real fuel



DOC = 30151501 PhCE

consu.2ption they have. i U.

Any trajectory, %hica T..abA.es poiat S fXOM -S in S.is

conne,;t~d with the Sareciti,6ia fewL4;naaaticn- Fcr example, the

trajectory, depicted as lu Fi ig. 3.3, gives the fuel

consuApticn, equal to W=1I eIOt1l4811+d.IQ*10.134 15420.9. 12.14=163

(conliitiora1. units).
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Fig. 1.2.

Page 18.

Lt is obvious, therd ! a Zjd fluster of different

trajectories, which trarslat. s 4 So ;.n S.,,. and to each of them

corresponds its fuel ccrcsumeoioi J. ie iajuld of such all

trajeatories find optista - Lhat, .,n dnaiz the fuel ccnsuupticn is

minimal. It would be pcsaiw.. &4 ueid ..;hout saying to sort out all

posstile trajectories ard ;.a zaf La.il analysis to find optimum, but

this - very bulky path. ,uc m,, wr aua it is possible to sclve task

by thi method of dynalic C a oi tas steps/pitches.

Lrocess consists ct a-W steps/pIA cmes; we will cptisize each
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step/4itch, beginning from "d &#. Tna final state of aircraft -

point ,0,, on plane VOH - to % ,s risdt. The fcurteenth step/pitch

withoat fail must lead us o oinc. Let us lcok, whence we can

move into point S,. at the Lwu,.fnta stup/pitch.

.et us consider tie sfdora4*Lj c.ynr upper angle of rectangular

grid (Fig. 3.4) with eird . hA joiat..,,

it is possible to move of

two aijacent points (8, an I.. , aoraover of e ach - only in cne

vanner, so that the selactio" jL nI oaa ccntrcl at the

latter/last step/pitch we ao nao ,va Any - it is singular. If

next-co-last step/pitch Iea us Aiu eo.nt B., then we must mcve over

the hirizcntal and expend l- 1i.Ar of zuel; if we irto point B2, go

cn th e vertical line ard tGo we 14 aaty.
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Lat uz register thesq iir-iaum .,- 4.h case simply unavoidable) fuel

consuaption in the speCl al ~dal. kr:is whic let us supply at

point.; a,, B2 (Fig. 3. ). Luxt LtuLdla. OY "17" in the small circle

in B, it indicates: "it we a n a,, then the zinimum fuel

consuAption, which trarsla u., A. tj poiat S... was equal to 17

unity". Analogous sense ka &iAudiny ay "14" in the small circle

at point B2 . The optimuz cx-.r, whiLca laads to this

expenliturs/ccnsumpticr, a"*.4A L eaca case by the arrow/Fointer,

which emerges from the smai c&. . Ganar/rifleaan iadicates the

iireczion over which we *ubr jovi zrij rais ;oint, if as a result of
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cur previous activity they oc, o oe in it.

rhus, conditional ctmum a o the lattfir/last -fourteenth

step/?itch is found for an, LdL j, B2 ) is-ue cf the thirteenth

step/jitch. For each of tn(4 b s it is found, turtnermore,

minimum fuel ccnsumpticL duo Co wca a: this point it is possible to

move in .

Let us switch over to ca/a/dlzg of next-tc-last

(thirteenth) step/pitch. io.& " we saould ccnsider all possible

rqsuls cf prepenultimate Tw.,u sap/pitch. After this step/pitch

we caa prcve to be cily in ca 4,L. La j oiats C,, C2 , C, (Fig. 3.6).

From .ach such pcint we must r.Au upiLaum path in point S, and

corrasponding to this Fath a.aug f~ai consumpticn.

-1 13

Fig. 3.4. Fig. i. .
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Page 20.

?or point C, there Is Lu 4jdt10d: w-. must be moved cn the

horizintal and expend 15+17=32. u4.y of ruel. This expenditure we

will zegister in the swail -. rcA.=.ion point C1 , and cptimum (in this

case iingle) path frcm jcii i C, aj=ia iaz us mark by arrow/pcinter.

?or point C2 the select..c aA.s.: frox it carried it is

possijle to go inS,, ttXou-" d V C UcZOugh B2 . in the first case we

will spend 13+17=30 unity (, zau&; ttia secondly 17+14=31 unity. It

maans, optimum path frc C,, is vuLiizal (let us note this by

arrow/pointer), and firamuauA cknua&pt zcn it is equal to 30 (this

number we will register in "a jcL. cilrcle with point C2 ).

Finally, for point C3 &A n 1aT-o t he again single: on the
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vsrtijal line; is byFasEed jituu 1+14=26 urity. this value (26) we

let us register in the Sa.La CILL OL& .J3, and by arrow let us mark

optimam ccntrcl.

rhus, passing frcs cna v. o #-a next from rigat to left and

downwird (from the end/leau , iaL pcoress to its beginning), it is

p£ssijle for each node Ely. j.j cu select ccnditional aptimus control

at thi following steF i.e., 6a which leads in S.. with

the .inimum fuel consuptit.a, anu to Lagister in the small circle

with this pcint this airIauM aXk.4.ICur/consumption. In order to

find from each pcint the oecaa tl,.wing step/pitch, it is

necessary to trace two fcss.i= L pi as frca this pcint: to the

right and upward, and fcz ran ra.i to find the sum of fuel

consuAption per this step aaua fuel corsumpticn Fer the

optimam continuation, alrecuj cfaz.tructad frcf the fcllowing Foint,

wheroa is directed pointez -c.q. x two Fdths is chcsen that, for

which this sum is less Iii 6.a tnaj ir. eual, it is chcsen any of

the oiths).

Ahus, from each pcint x-4. s.-3 (sae page 18) is conducted the

arrow/pointer, which irdica.s okt.&mua path frcm this pcint (cptimum

ccndi;imnal ccntrcl), ano a a t, AaA.1 circle it is entered/written

the Eiel consumpticn, reacr&.A ak. e otmilaum ccntrcl, beginning frce

this point to the end/liad.
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Sconer or later t ,is Lcdi jf cae ccnstruction of conditional

cpti3im ccntrols is finishtu, &ze : aching starting point So. Frcm

this joint as of any anCtnau, c4LuCCs tha arrcw/pcintar, which

indic.tes, where it is necc4a.J o-i wowed in order to reach S....

optimnlly. Aftar this it zi. t.o construct entire optimum

trajectory, being mcved cn rue &.4.wi/Iointers, already from the

beginaing of process tc it i ana/Aacd.
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Page 21.

Fig. 1.7 shows the fl-i.. r t of tais Jrocedure - optimum

trajectory, which leads troi. So ,& s.,, oa the arrobs/pcinters, i.e.,

havinj frcm each point c~t.iaMa oa.iaUdLion. This trajectory is noted

by fitty/qreasy small cirxLsa. A taic,al countars. Th-. numter

"139", which stands at EoiLt S, ..dicdtes ririffum fuel consumption

W*, liss %hich it cannct o. voL.ed in what trajectory.

ihus, stated prcl~em s soLvt" iad optimum contrcl of the

procass of the gain cf altia. AAu valoc.Lty is found. it consists of

the fallowing:

in the first step/Eatca zi ixAcraase cnly velocity, retaining by

ccnstant/invariahla .eii a n. uu ti oriag velccity to Vc4'AV;

.it the second step/piroA zo &Ac adse height to Ho+AH, retaining

the vailocity of constart/in ziabl.;

it the third, fourth au4A z.r. .wtps/pitches tc again gain
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speal, until it beccmes aa. r vu+44i;

it the sixth, seventh a..d c.L.,ut, staps/pitches tc gain altitude

and t3 bring it tc Ho0.tH;

at the ninth, tenti, wi.vu aa twalfth steps/pitches to again

gain speed and to bring It eA t f*nite valus V..;
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it the latter/last two PC~dr6/.-icaaS (the thirteenth and the

fourtienth) to gain altituas tj .sar value H.

It is not difficult ju Q &u~or oi examples to ascertain that

the 3atainad control is aczua..,/,L.a-j cptimum, i.e., which in any

ther trajectory, which lea jz ,O in S.. the fuel consumption will

be more.

Task eamined here f zat 4t-uu gain of altitude and velocit

is ta simplest example in wuicu siey frequently demonstrate the
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basic idea of dynamic lro A&A° Ataily/really, in our simplified

settiag the problem greatiq .aa.".j is soived tc the end/lead with the

delp if the simplest metnou. La is aiplained by the following

circu.Astances. First, at ed .r/PLt1 zor us it is necessary to

choosa not more than tEtwedk, r- virs.;. ns of ccntrol (" to gain

altitude" or "to gain 5j6du" . int datarmination or conditional

cptimim ccntrcl at each jo.a. . Auawtonarily and is reduced to the

selection of of more aduaravua vf taesa twc Faths. In the second

place, in our task it is vL 4amkae t4 produce the numbering of

steps/pitches, beginri .g fro -ri, .nl/iaad. Actually/really, each

trajeztory consists cf cne d.,1 zu. sja namber of steps/pitches, and

lattir/last, naturally, irovwis ;. ae taat which by overcoming one

(horizontal or vertical) a/ , u. rstly, gives into point S.;

with aext-to-last - that, azui... w".ca ;o point Sim,, there remains

cnly one step/pitch and, d)c.

Zhis simplifi.d fczuai wi un problem does not ccm~letely

correspond to reality. Actua..ij L."gat veaicle can to gather (often

it ga:hers) height and veloc.Ctj 6aianeously.

wet us try (farthermoL " ts :i.apified form) to pose the

problam where will be Izoviide . s aultanecus set, and let us

look, to what complicaticna vz nwz.ao~ioio9y this will lead.
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wet us return to the aiQgc4a An E.g. 3.3 ard will change it so

that, besides the already , pitas (upward and to the right),

from iach node of grid %cu.u r x.asalae ancther path along the

diagaal of rectangle (5xmu1Lda1Wu.6 4adn of altitude and velocity).

Let us supply the apprcfrit. Lue causumptior along each diagcnal

(Fig. 3.8).

dhat does differ this a-da tcca tae previous (see Fig. 3.3)?

Not 3oly the presence, Sxcwp*. r.f s possible earlier controls, the

still third "alcng tf. diaoa.d.".

Pag'. 23.

This liagram differs tte Ia . umaering of the steps/pitches:

in tha limits of each rectau ±. iva tae Lower loft angle into the

upper right it is pcssicle c. e bata tor tbo steps/pitches

("upwird-to the right" cr "t., r. zia:-upward") and for one

step/?itch - along tte La cecsra in tte new task is

unsuitable this simple Er uc.w , oasecutive sorting nodes, as

what de took earlier (accoLd.n, tu a aianaber of steps/pitches, which

remained to the end/leaa), dau & .s necessary to take some another.

L.et us agree to lakeL auja uvt according to a number of

steps/pitches, which reaia;. a e *ad/lead, tut according to the
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sijn/criterion of any cccr1a.-j&.. as tais ccordinate it is pcssible

to tace, for example, "LO5.eAd.,../bSAS.d48 Of velccity", V..-V.

which must be "reached" tozr kas r&aaai time. With this numuering

cf poLnts the "latter" bil. e tnt atsp/iitch which will translate

point S with the vertical a l (n-1)-(m-1) (Fig. 3.8) into

point S," (this latter/lama "s.u/p&th" can ccnsist of several

steps/stages); by "next-to-Asr uts" - tmat which will translate

point with the straight lie a-sj-(a-2) to the straight line

-)(m- 1), and sc forth.

?ig. 3.9 examines tte *kJob/specimen of the optimization of

arocass with this nurbexing ,i 4. sceas/pitckes (are shown crly two

lattae/last steps/pitcles).

m 

Ill mm -- m m ,. - . - , ~ m m l m m
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Page 2L4.

Condizional optifium ccntzo.&, a6aQJL1J-ar, I.t is shown b:Y

arrows/pointers. Let us clAzLlyft t ~ractdure cf the construction. of

cant ral .

if we proved to be at a..y roQAut Oa the straight line (m)-(m),

passiag through , that a. oa , passLbe (the very same and

optimum) path of output Into S.,,- but vertical line. his

path is shown in Fig. 3.9 u, az .o/poiatars cf lengthwise entire

straiht line (m)-1m); tre cwrr eca-!iig tuel consumpticn are shown

in tha small circlas.
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1et us assume now that "a z esaslt of the process Cf the gain of

altitide and velocity we powia r bd an the straight line

(m-1)-(r -1) . We will -cxt G4*c6 b."iS araight line all points on top

downwArdly. If we proved to ,o .a th juire peak, then path into

point S,,, hence single sh-tL) i. ojpasaed it in 17 unity of

the fael je write/reccrd 1) ia t small circle and we place

horizontal arrow/pointer). d. s t: ;ai fcllowing point - the

saccal on top. Frcm it to t" s gat line (a)-(m) - three paths.

The first path - upward - r tam w.&a - is bypassed into 13+17=30

unity of fuel; the seccrd - aiuv ta uiagcnal - in 29 unity; the

thirl - tc the right - ujward - &" 31 aaity. lie choose diagoral path,

wa mark by its arrow/pcintir, c.. tha ;ozrespcnding ccnsumpticn - 29

unity - we place in the smi L&, For the third point we are on

top a4ain congruent/equata z.& etas:

apvard (and further a&o". .s diagonal): 12+29=41 unity cf fuel;

vith respect to t.e daia,ca, taad further upward): 25+14=39

unity of fuel;

to the right (and turo.ar zoe : 1. +b=41 unity of fugl.
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de choose optimut |aL -lat- ti. diagcral, we note by

arrow/pointer, we write/r",.u j. .a tue small circle. For the

folloding- the fourth cn Lu, - r.nt ja the .traight line

(m-1) -(m,-I) optimum will oD a.* er. upward and so forth.
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jeinq congruent/eq "" .t , u..L"u trjetoy shw nF

0, wh tt tt "-.

' ->, , 7'] r

• 
1 

. . J..

Page 25.

?i;. 3. i0 gives tI- i l. .u.s OL the optimization of control

of thl gain of altitude anau eu. uader given cordi~ions,

indicit'.d in Fig. 3.8. C ~ u& e3ry is as Detore isolated with

fatty/greasy small circl~s &.4 :.tai countsrs.

ieinq congruent/equat .~ u upi~u trajectory, sho~.n in Fig.

3. I0, with that that is qiv . ,.g. .,1 7,e ncte that they are
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Jisti.iguished not very rot AS~ far as fuel coasuiupticn is

concern-3d, then its values (ijo L~ 1lii) antirely diffar little frole

each )ther, and both cctvA. c~ Le ejasidered ia *effect -equivalent.

In the example examnaz oi~ aeza the methtod of the orderirg

of st.3ps/pitches "on the aA a-s4 1~.s ethcd is not completely

n-2cessary: it would be [os.i ro lial steps/pitches also in teras

of thai valiues of any ancthaar cj4-i~a As tItis cocrdinate cculd be

with ahe equal success salac.rau umigat ii. Perbaps, in our exazple the

xost iatural "ordering" cccr.&AzQ. wau.L.d ae distance from S,.,,.

depcsitad/postpcnel in ja,._. ;. . taa diagcnal oft asic rectangle

(Fig. 3. 1 1
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re reader cne shcul# il~ wa oLa ixirccse find c ptimum trajectcry

accorling to the data cf ?j. i.o, usi~g zhat method cf the

adjusrment of steps/jitcbe6 wtx.sa Is damostrated in Fig. 3.11.

Ln the diverse tas~i oL tafe 4j~i prcgramming where there is

no na-ural disttibuticri into tu~ a.*ps/pitcbes, thie principle of this

distribution and orderiry or sz; .ipj.;arz is chosen depending on

conveaience in the otgaciz4c~tkc v. campataticnal prccess, taking into

accou~t to the required acca~acj ,,L ra sauticn of protlem. Is

qenertity intuitively it ii cliax thi-t with at. increat-e in the number
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of stips/pitches the accura; jz ae solution grows. in some tasks it

proves to be possible tc cbi.r.in avwn Liwized soluticn with m-)-; this

solut .on can represent taui, 6ometimes alsc practical

interist; however, usualLy i. iQ 4 sufficient explain the structure

cf optimum control in tne %.-u - oCAon/Cctal, rough features; in

this case there is nc head ru szt:4.Ay increase a numtar of

steps/pitches. The same wirt tau eLaz&.cdl realization of control

most frequently fits nevertnJwei to stap back from the strictly

cptiaim versicn which can irkvo 4 b3 d;.±iicultly tc feasible.

Thermiore we will not Feuse .a raa mix;um tasks o ccntrol, which

appear with b--, ut be w.i& a auuadid to the examination of

discrets/digital step by ste, . This especially Nakes sense,

that in many tasks of thf c p!inaaxag/glidiay (but we will give

to siailar tasks consideran).a dtLoii) distribution into the

steps/pitches not iMcsed ZrZa QULbiIC, but it is logically dictated

by tha discrete/digital naTu.e iL Lha planning/gliding itselt (ylane

is coiprised, for exaifle, L. r.G ear, to the ircnth, etc., and it

does a t vary continuously " tui course of production process).
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(M-1

4. ?roblem cf tha select&u. j. ua f;s-st path.

£n the previous pazadgith e coas.(16red in the simplest setting

the tisk of the optimus ga.a Gz L&iruie and velocity. Here be will

consiler similar in the ty~e, iu). zieveLtheles.E differing scmewhat

from .t task of the se]ecoo. or tce faitst path of cne pcint/item

in anither.

Page 27.

rask is placed in the rji.uw.aug manner. Let it be we should

raach in the machine fica Sonu/. m so co point/item S.... (fig.

4.1). Generally there is a w.cAe awraas of possiole versions of path.

They ire ccmprised of the s of days, nct equivalent or the

qualicy. Among them there ca- uu, 6oC example, the sections cf the

first-class asphalted lighwa, as a.so tne less well-organi2ed and
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simpLi unimproved roads. FurLswjL, in the path tc us can be met

the coisings and the Fass4s t- whic. tap mcticn is detained.

rask lies in the fact ;,.a6 - salact this Fath from So and S ua

whichi machine will pass tcZ 6-% w.A.AJu -IMe.

'ask at first glance ;.s cyae.t3lI similar tc that examined in

the previous paragraph. kioweA., .t na some srecial

features/peculiarities. In dAaapie6 j i we ccnstructed the regular,

rectiagular grid of the ncau aouyqua dich cculJ pass trajectory.
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Key: (1). Railroad. (2). civtr. kil. farr i boat.

Page 28.

In tha new task which u ex ,ats auw, tne rcle of this grid cf nodes

could play the lcgically notau ,,b*.gd4dr points" of the netwcrk/grid

of wais - crossings and Q &n t.&ay were arranged/located too

irregularly, and it is o ",o oraar them on the

steps/pitches". In ordfr tw %pv.wAiti scle our task by the
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mathol of dynamic prcgrammiai., .L as possible tc intrcduce into it

artificially certain "stage j-s.i-le -naracter". For example, it is

Fossiole to divide distance u A .oioa i0 to S.. intc a of equal

parts length AD=r/m (Fie. 4.2 ) a"" t consider that fcr each

"steo/pitch" of the prccess Or l-=racament frcm So in S,-. is

surmounted the m part ct di.5a # L (ia1 tne directicn .,,,,). In

cther words, each "step/Fitc&." . aisplacement with one of the lines

of support, perpendiculaz S,)-ScoK. t, tae adjacent, the clcser to

Jale process to tfe stap/ p.i.has tnus, ue, naturally. trust

agree that the displaceaen .rwui -Le step/pitch to the next is

allowid/assumed cnly ir the cti.Lve dLrecticn (i.e. frcm S0 to S..

and a-t conversely) ; ir ottel w., aiter the specific step/Fitch is

traveild, return ccnvexsai1, Lu tie saae hand between two lines of

support, is not allowed/assamea. u-is limitation occurs sufficiently

to icceptable ones fcr the r.acr.LW. Let us recall that in the task §

3 we set with even the sci v. lairaticn: in the mcde/ccnditicns

cf climb and velccity baa a da.dA/asseu the displacement over both

axes inly in the positive u la uae task ot the selection of

the fastest path that irtrouacau a, as limited (as a result ct each

step/ditch to be moved call "4a"A.", but 0to direction S -S0.o.. and

not~bAck ") is less rigid, it functicns cnly from one

step/,itch tc the next, not aia&a. tas step/pitch, and moreover, cly
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cn onj axis (in the case o. "ac~..tj irom this limitation it is

FossiJle to be frrod, cc L .aj.b k ia he sclution strongly it is

complicated).

&hus, let us assure tna. rza Laza from S. in S is deccmposed

into A of the steps/Fitches, ia ach or which the machine is moved

with one cf the lines ct sueo .)-&() to the following in crder

'i ---I)- (i-+l) (I==- 0. , ..... M).

Zhe carried out by us A.aes jL iutport intersect road net at

scme Fcints.

Page 2q.

For tae sclution cf Frct.Le. o ub au3t oe known the time, required

for tae passage of each sec.c o. pita, and also delay time on each

crossing (passage). In fiy. .. a jaiast aach route segment is written

the zirresponding time c¢ asr iia %.w minutes), and in the small

circl3 in each crossing (lya - Latency of machine in this

Faint/item.

According tc a quartity or Aies if support in Fig. 4.2 process

cf thi displacement cf uacuiMa z&4.oa So in S.,. wh will share into

seven steps/pitches (i.e. let taka L--7) and let us begin the

const:uction of optirus jatn zuw thd iat;er/last (u-th) ste/pitch.
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wet us plan e," the i, o ac ta-b-(-p) all possible

rositions of machine at tho womau4. of rat terfinati'cn of uext-tc-last

(a-1) step/pitch. This %il..a Axjutaesas about tae state of machine

aftqriard (m-1) step/Ftca, . ca;h or waich we aust find

condiaional optimum ccntLo . 6 Lo m scap/pitch. In Fig. 4.2 these

possiale positicn are ncteu &#I baGa.l c;.rcle with the Foint inside.

From tach such positicn we aus.A 4"civa opzimum (soortest on the time)

path into pcint Sw..

L.et us consider first "a t (,n Top) of thf noted pcints -

point A on the straight liLe ka-$j- a-1). Frc it into point S., (in

the limits of the band cf r. a a.ap/p..tch) ccnducts cne-single path,

which occupies on the time 1O+21i 5+1+2+5z35 (minutes).

rhe selection cf this e " c:nuiticnal cptimum contrcl when

the previous step/pitch .ieu 4 iaT ooant A. Let us ncte in Fig. 4.2

tais optimum path by tlaca neav, &.Laa, and in pcint A let us display

"flag" with registered bitn r u. 1.t J.

leavy line together w;." Qu zli14 taay indicate the follcwing:

if, bing moved from S. in Swo", ao somi fates tbey prcved to te at

point A, then of it we must iove iurchsr over tha ncted by black line
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routa and on the achievemenT oz ron n . cf the expenditures of 35

iin ut as.

ae pass to tha fcllcwa.n, (3) on the straight line

(-1)-(r-1). Frcm it into iGca- S... canaucts tte cre 3nd only path.

to wh.ch it is required #4*I*)u.235=27 (minutas). Number 27 we

also drite/record on tle t.a, aa to point S.

For point C the path a l .gle and is continued 4+2. =11

(minutes).

From point K in . a.. ta.r. tdo iths. 3+3+4=10 (minutes) and

3+3+2+2+6=16 (minutes) ; or tOa .n i.zst - fastest; we note ty its

heavy line and we write/reco d au..mum tiem (10) on tha flag in pcint

K.
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Fags J1.

Zontinuing thus, we L ian LuL waza polnt cn the straight line

(m-1)-(m-1) the optimux coiu..A n oi path - conditional optimum

contrAl at the m steF/Ftca.

After this is carrieu oa., wz piss toward planning/gliding of

(a-I) step/pitch. Hy~ctheswb caQ taa., where can be Iccated the
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machine of aft-rward penAF*IU,.&t&.&L (M-2) step/pitch, they are noted

by triangles on the straagnr. iiua tm-2)-( m-2).

?or each of the noted eLaL we mIst find conditional optimum

control, i.e., this path iw r.a. *tca.ga lire (m-2)-(m-Z) tc the

strailht line (m-l)-( m-1), .aa, t3ajrner with the already

optimiz-d latter/last ste -. /.,ui, ,ivas tne pcssibility to achieve

S.m for the minimum tine. s o .U to find this ccnditioaal cptimum

control, we must for each L.nr ou tae stzaight line m-2)-(m-2) sort

cut all possible transitic.4 woi& to t.ia straight line (m-1)-(m-1)

and time, required tc tanis r.a., ca, sum with the minimum time of

lattar/last step/Fitch, reji.rtt.s witA tne flag. Frcm all pcssible

paths is chosen that, fcz wuca Lu-Ls tital time is minimal: path is

noted by black line, ana ".i. j.a w.ictin/recoded on tne flac in the

corresponding point.

As a result of the ca"/aftr af such ccnstructions, being

moved step by step witt. cna ox support tc another, we finally

will reach starting pcirt S.. zr. u&t wa will detarmine optimum path

to tha straight line 41)-(I atA At ui register the appropriate

miniaim time (87 minutes) ca ai &La4 ct point So . Thus, all data for

the construction of optimum a-,A ... ce are, since fcr each of the

plannad pcints (whatever iaca we &n it not they prcved to be) is

known the optimum continuati-n w. ratn. la crder to ccnstruct optimum
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path from So in S..,, it is -.u caL.y siamjly tc te mcvej on tte

sections of ways, noted by a~dv "-ns. In Fig. 4.2 optimum

trajectory frcm So in I-.. i t.=LL ay heivy line with the dctted

line.

rhus, stated prcblem au w. se..cticn of the fastast path

tetwean two preset pcints/ira,* a si 3d.

Apropos of this task iz s eQs5.bia to express several

consilerations, whic ccnc=L" rtft oelactacn of a number of

steps/pitches during the cLut czoa ir the sclution by the method

of dyaamic programming.

Page 32.

It at first glance sesmn Q sa ;aaT the solutic3 would be sore

simpli, it would be desaraaia Qave a little less steps/pitches.

Howevir, this nct entizely t4.us. xue lArger/ccarser the step/pitch,

the mire difficult it is t, .u Le aptimum solution on this

step/?itch, the more ttre i z versicas cf the displacement with

the straight line to the s-4zQijt Liae. In the extreme case, if we

considered only cne stei/pin (4&=1), jerorg us would arise the

initiAl task of sorting a" poaie p-itas frcm So in S-... in her

entir i ccplexity.
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it does fc]low frc¢ f f. i.i jur specific prcblem it was

necessary to still increase QAu i=r oz steFs/Fitches, to do them,

for example, not 7, tut 10?

Also no ! An increase i,. L&w ,umber of steps/pitches beyond some

reasoaable limits hould cn.i cj&.j.L.&ca t tae procedure of the

construction of the sclutica.

in the fact that the se_&eca bf as number of steps/pitches

Ja=7) is sufficiently r .asLuAo# &s possible tc be ccnviaced on the

fact ahat for us was ncbhezi uwa# j to scrt cut a large numbAr of

versions of transiticn mita aa Laiat line tc the straight line -

these versions orcved tc am aa., .wo, ira rare three, and to find

among them optimum was nct two Auw difficult. If we strongly

incraised a number of !t/4ad , .e., is excessive refined the

sectins cf transiticr, tawn ia La. avrwnelming majority of the

cases with the straight liaw co Lau stzaight line wculd conduct one

aad only path, and nc citimi~a&ca it aould be. As the final result

we woild construct tte sama j-6m& r ajectcry, on ty acre

complicated calculaticns.

5. zontinuous task cf p i ) u .p~jim rcute.
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Ln § U was solved the z- i pAO~tlag Of cptimnuu route from

pcint/ites S o to roint/iteA 5 . meu1 JOta point/items were

connected by some netwcik/, L..J it ways (au path can run only cn one

cf th3 ways of this digcreta, d JZid.

Ln practice can he ler. aa."oeki iLiacicn - dhan finished road

net taere does not Axist, LA A.atLca or moticn from Each pcint on

the niane can be choser Wrc.L&lj, ftic xamlle in the limits of

some Anlular sector 6 (F j. J.1). An tazi case for eacn point A on

plane xOy is known the vo.1c j displacement from tnis rcint over

any riy/beam AA' withir th f of ectcr a.

Page J3.

Task lies in the fact that cv z suc.L r-zajectcry tJ, which combines

So anI .... along which po. i wulg ass frcm So in S.,,, within the

short time.

.et us plan the diagrai o, ta& ioiuticn cf this prcblem ty the

methol of dynamic prcgrazzi,n c4 sLapIa.city let us assume that the

sector 6 is symmetrical reidiivf c. li.xe AB, parallel tc the axis of

abscissas, and that 9<1U 0 ( is Atcessary in crder to exclude
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the Lsplacements, "reverse" -ao idcticn of the axis of

abscissas).

.et us deccmuose distQan.. Ss.o-St, iitc m cf equal parts, and

the ?zocess of overccmin9 ra~s ALaaci - tc m cf the steps/Fitches,

each if which is transit3ci . u uae at lIne cf support, parallel to

axis jrdinates, tc ancther, <a.jact (?iy. 5.2)
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Page 34.

Lf we take a numbe .cz m sufficiently large, then

it is possible tc assure tadL r. % scn t.ep/pitch the trajectcry phase

is stzaight-line. rask is Le.uk .oc adca Foint A cn the line of

support (i-1)-(i-1) tc detaz.&4s .,4e oitimum angla I (in the limits

cf sector 9), at which musd. ra-- rIiat A opt.uaum trajectory, i.e.,
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that jut with which we sust dvs i&om A in crder to achieve ... in

the minimum time. Lf we tai ic.P 4n oZf oint A on the straight line

(i-I)-(i-i) determine y itz, orAt. y;_. tie con diticnal cptimum

contral at the i stap/pitcu w. L. ao;ion frcm point A at angle ?P

toward the axis of t.e absca dr e cea Jerernd on Y, i

U1 ( , 1) = -;i (,,-).

4e will plan/glide tau rrocux* if displacement, as always, from

the litter/last (m-tb) Lt/ ia. Lat us assume that as a result of

(a-1) step/pitch wa prcved ru Li L4 zictain pcint B on the straight

line (i-i)-(m-1) (Fig. 5.2j . sauze we aust move further in order to

provq to be at pcint S.,,,? 16 As ,.vous, on straight line BS.,. But

direction of this motic n nor &.Ll p siticns cf pcint B on the

straijht line (r-l)- (m-1) A.E is L4 al ditain the permissible limits.

In orler to construct seq2aa; ja oi ;ha possitle positions cf point

3, whance it is possible, auAia wr I.maitaticns, tc arrive in S

cbviausly, it is necessary rw ,r-bzract trcm point S,,,, the

"invacted" sector 0; its LoL.ica w.&li ;ut off on the straight line

(m-1)-(m-1) segment E,21-

rh'is, for each Fcint i 4 ff BIB 2 is found ccnditicnal

optimum control - disp]acea .. t stzaight line aiS . t angle

. ¢o the axis of abscisz, wa-h ipends cn ordinate Ym- of

point B:
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inowing the velccity uz o rzciajat frcm jOiLt E over this

direction, we can find tte ar.Aai tia. ct the execution of the

latter/last step/pitch:

T M n (Yin -

Thus, for any pcirt B " .#.se -tcad,4at line (m-1)-(m-1)

condi.ional optimum ccntgo.L zau %wra-ponding tc it ccnditional

minimim time of the m step/V.tca #n b determined.

Page J5.

Lit u assign several value Caz uaaa ,.-t:

I) Y42)-

aid fir each of them let as Ai, ;niitional cptimum control and

condirional minimum time:

,I" (YM(I .-1)

if pcints A so.. . . . . , .3 n cutting cff BtB 2 sufficiently

f-aquintly, thin it is jossLa & c~aa-sir that the conditicnal

optimam control and ccnuit.A.o.a±. m&-6iaua time are fcund for any value

i.et us switch over to / of next-tc-last (m-i)

step/.)itch (Fig. 5.3).o cr..oA CLCZ of naa possible psiticns of

point S as a result cf (m-2) srwe/,icca is also determined by the



D)OC z 4151502 E

"invartid" sector 0. in crao. A. L zoas;zuct, it is recessary to

contiaue straight lines S,1fl, a SO,s 2  before the intersection

with the straight line 4-j- (a-2j. Let us place in secti3n C1 C2 the

series/rcw of reference jcias ,n. far each of them let us find

optimam path in S,,".. FCr Foir. 4- 1"his path is clear: it joes on

straijht line CS ,,. Let us dA Lis paa by heavy line and it is

compuzed corresponding tc i.t u..A./Local/camplete time T,,

experii-d for the execution oA. c.Uw .attdr/iast sQtps/pitches.
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(a) (1) () (i) ( (M-2 (m-I (M)

Page J6.

rhis cime is eiual tc the 6um r io t~.zes: time _ of the

lisplicement over cuttirg oL. .& and ot time T. of displacement

from 3t in &. (but it waz 4i.Laty calculated on the previous

step/pitch). Analcgously oa.t.aJ. ra rroa C2 in S,. goes cn

str ai j ht l ine CS,,,,.

"-et us take cn cutt.fL&4 .L CI~C. aay .ntgrnal pcint C'. For this

point path to the straignt Lino l -1)-(s-1) no longer single.

Actuaily/really, after ccn.ucT..ij dia point C' tha sector cf

possiole directions 6, ue see raat wtainn the limits cf this sector

it is possible to select ad j r.ac.Jiaea4 jath, which leads from CO

into one of the pcints cutz" . ux, 318'1. By what ftco these -Lths to
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selec .? It is obvicus, t ,a acu -. 'D, for which the total time, which

goes ro both latter/last s s/ko.hs (C'D and DS..). is minimal.

Let as designate this miniaa. tLa . . and let us note that it

depenis cn ordinate _ o. .'. Taking whole range of

different positicns cf joila C' sua cut :.g off C1 C, with ordinates

Y--j  , let us tinu .cL wah or taeem cptimum control ,

a-nd minimum time ,., or . . 4#i;.&jvdment of Foint S-o1,:

(y(2 ) ....
r* ,.(y" 2); ....

After this is dcne, we lass LOdGL plauning/gliding of (m-2)

step/?itch, etc.

is a result cf thf ca or s 0£ uch ccnstructions fcr each

point on any of the lines oz suAoLt wxi. be exFlained the

condi:ional optimum ccntzo" a xwunl tho angle o*, at which it must

pass )ptimum trajectcry) ant i uaveraiaed corresponding to this

contril minimum time of tna u of Foint S.,,-

After the prccess c± o .i .1'nis led to peint So , is

const:ucted (already frcm ta. n-aiy taward the end) entire

optimum trajectcry, bhich Lzm .JI, Joat gcos at optimum angle 0*.

Fig. 5.4 shows the rebu.&t ua. tha ;onstructior, of optimum control

by tn- method of dynamic o rae.ng. iptimu tra]ectcry is rcted by
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heavy line with the dotted i.fw.

Page 37.

Let us note in ccncluo.L4.a ta,&L Lhd dascribed methodology of the

constcuction of optilut trajacr", cimpietely dces nct depend on

that, what precisely value L.. a-Aiized - be it time T cf

displacement trom So irto S... w. cec uG e fuel consumption R cr of

costs/values of passage C, G. (, any cxitericn, selected depending

on tha character of the deciLaui k,.actical task. For example, with the

packing of railway line it ia .&.bie tc prefer that rcute which

leads to the smallest ex raLturbo or rae siallest vcluze of

earthiork. When selecting jL e trajectory can prove to be

necessary minimize the 1aunciuj wvi :ar or maximize velocity, etc.

.et us note also tkat ta mv.oc at possible directions e, which

we f:c simplicity considerro coubdntn/invariable, can vary depending

on the number of step/pitc %r, i&A ganaral, frcm the coordinates of

starting point &. In scae kr t :a.s.xs it cccurs, that directicn

the v iocities at the iita. autibbt or intc the final (or into both,

etc.) are preset previCLslj afd viry cannot. 1his is equivalent to so

that ;he sector of pcssiblu zacuioas 0 in the vicinity of these

oints is degenerated irc oa i ij.&t line.
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Jeterence lines (i-.wj , ~~i we shared process into the

stagas, completely MUSt Act &o~ i64 S;rdight lines, parallel tc cue of

the Axes; them arf cbcsen, 4;" t.w uj ct ccvvenience in-th~e

constructicn of th,3 scltuz,.
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0)( 1)U, (2) (1-1) (,) - ,,.

(0) (1) (0) (1.,) (t) (M,-1) (,,

.i.54.
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if, f.r example, the tasi wr,: ".veaianzly deciding not in the

Cartasian, but in the ¢iac coiu-ua system, line (i)-(.) they can

be. dapending cn type the ra &t, aie sleected in the form of light

beam, which proceed frce po.*., j (g- 5.5) cr in the form of the

concqatric circumferences (kig. !.o). For exafFle, Fig. 5.7 shows the

schematic of Flanning/glidLn, cat output of rccket rcm poict S o cn

the earth's surface to the -.va, r.iat S,.. of cuter space, carried

out ia the polar coordirate &jsrao :re polar ccordinates of

launcaing pcint So are Ezesecd. , qudl to (P r The ccnditicns of

the v~rticality of start ndzovi c sactor of possitle directions 9

at thi first step/pitch tc c..r ."aigat line: the ccnditions for thq

presec directicn of final v%.,c . ',, set the same limitaticns on
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the jitter/last step/pitch; A. #. iatadmediate steps/pitches of the

limitations, siiperim~csad i tn. swctoz c pcssible directions, they

are Airived/ccncluded fxcm .a ,ujical consideraticns (for example,

from rhe maximum permissi"ib. tr- ovecas transfers of rocket).
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Fig. 5.5. Fig. 5.6.
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Page 39.

5 6. ;eneral/comucn/totai r . oa z the Froblem of dynamic

arogramming. Interpretatica &.r c. ol in the phase space.

After is examined the sart/Lci oz the specific problems of

lynamic programming, let ui ,ivt, .,e gaarocal/ccmmon/tctal foriulation

cf such problems and will r." mu.Q*= in geaeral fcrm the principles of

their soluticn. in this pa.raad, (a.ad in the following after it § 7)

for riadeL, familiar crly wi-a t.. ena.mnas/cells of advanced

calculus, it is necessay to ciaA wita an not entirely custcmary for

it recording of formulas aau a o-waat unusual terminology. However,

lt us qmphasize that tte cos.- .asrinq of prvcisely ttese

paragraphs is very substdza.A.l L" the inderstarding cf the method:

without this general/cczaca/tctai appriaca will be difficult to see

in th3 follcwing presenatoLo" d~%j.iag larger t tan the set of diverse

examples.

.et us consider fcllow". dairal problem.

There is certain physic.l -Bez S, dhich in the course cf time

can vary its state. We can ikLaja this process, i.e., in this or some

other way to affect the stst., owL #stea, to translate it of cne state
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into inother. This system 3 we a..L call the ccntrolled system, and

action, with the help Ct wnih ww dffec the cEhavior of system, by

ccntrl.

dith the prccess cr c~a=qiA tha scaze of system 3 is ccrnectfd

some if cur interest, whica _z A,:essad numerically with the help of

criterion W, and it is rec ar 4c or£aniza prccess so that this

criterion would become vax.m4m ua&AuisuA) 1.

FOOTMJTR 1. Subsequentl) for t&ae orevizy de will speak only atout the

maximization of critericn, a that the "maximum" in any event

can oa substituted tc the "an.Lwaai". i1bfGCCNCTE.

,.et us designate c~r co."rr4 (i.e. entire system of actions with

-he halp of which we we atz4r zu state of system S) of one letter

U. Crterion W depends ca tn 4.;Qtral; tais de~endnce we will

rqgiszer in the form of tne iAcmza

W = (U) (A)

Page 40.

It is necessary to find suca cjur&.ul U* ("optimum control"), during

which critericn W reackas tw. aaA.aUU:

W*= max (IV (U)I. (6.2)
U
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Recording max is raad: "34A..nUa ji J", aad fcrMula (6. 2) indicates:
1'

4* is maximum frcm tfe valuo da.u tafo criteria 4 during all

possiale ccntrols U.

Jowever, the problem ir taia otLAa.zticn of control is nct

c-mplitely yet posed. U suaAL, auw tae tcrmulaticn cf such problems

must je taken into consldeza~Lo.0 .ima cjnditicns, superimposed on the

initial state of systei 5 d.a ""al state N-.- In the simFlest cases

both ahese states are ccmwa,,e4 ,Lese- (,s, for exaaple, in § 4,

when it was necessary tc tracinmn tcucLL frcm pcint/item So tc

point/item Sgos,) In ctf.ez td&x vsd states can be preset ccmpletely

accuraitely, but it is criy .nLDy ;jme ccrditions, i.a., are

shown the region of the in.Ltd ttas 30 and the region of final

statr3 S...

rhe fact that the irL A t oz system So enters 3rttc regicn

So, v* will write/recora vwKt raz aelp )t the accepted in mathematics

"sign of inclusicn/ccnnectu-' E:

S, E r

it is analogous for the fid.. -r- :

S,.. ,, .

raking into accourt a sad t.zaal ccr.ditions the task of

cptimam control is fcr:aitA s .li1ws: frct many possible controls

U to find such ccntrcl L*, o"Ic, i.anslatas tte physical system S
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from initial state ,ES, it z.."al .. so that certain

critacion W (U) would bc cc ,, r Into the oaximum.

.et us give to ccntIc-L eoc.w jaowetric irter~retation. For

this for us it is neceSsaa 1 LO "-WndC wIen our customary geometric

r3pra-ontaticns and to -ntL , 4- concept about the so-called

"phasa

space"........................ ,,,,*.,,,,. ...... *......,.* ,..** .:.
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rhe state of the phys.ci u e 5, ohich we manage, always can

te described with the heip o. o. .r zne other quantity of numerical

paramaters. Such parameters . Dd, tir example, the coordinates of

physical body and its veloci.Ly; a uin~.tj of means. iacludad into

the jroup of enterprises; tas uuwowr of grouping of the troops, etc.

Thesa parameters we will cza. i.aa rhisi coordinates of system, and

the 3tate of system rereseaa. &..& e rcm of point S' wita these

cooriinates in certain conaLioaa. paase space. A change of the state

cf systsm S during the ccntr4l reis w il be represented as the

lisplicement of point S in "a raae space. The selecticn of control

U indicates the selecticn or taw e;~f.c trajyctory of point S in

the paase space, the s~eci1zi Lw f aotiLn.

?hase space can be aizarda. u aadinag on a number of

param3ters, which characteE a -u= scde of system.

wet, for example, tke jz sy;ytem S he characterized only by

the one parameter - cocrdi~a.a 1. Lhta a change in this coordinate

will je represented as the uf m~n& of point S alcng the axis ox
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(or on its specific section, L z u cjucdinate x they are superimposed

3 re some limitaticns). in %a.46a adse space will be

one-limensional and is the a,&t j. auscissas Cx or its section, and

contril is interpretEd ty Lnt- A uf taa aoticn of pcint S from

initial state SOE ,) intc n S~o,,ES , (,ig. 6.1).

If tho state of systei s z uaacterized by two parameters x t

and x_ (for example, t1e aus .iQ 4f material pcint and its

vilozity), then phase spdce a "A. a= lae xOx2 or its some part (if

to pirameters x, and x 2 ara aua.,.wp3dd limitations) , and the

controlled process will Le Lbpz..sw-t-t as the displacement of point S

from St7-, in S . over ta. trajectory cn plane x1 Ox2

(Fig. 6.2).
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01,0CM ....... 61a nI-7 w :L,-mem,

(peJaOdae 4popnacz'fc,7oJ

Fig. i. 1.

Kay: (1). Regicn of the ,- aaa of system (phase space).

Page 42.

If the state of system .s c.azdrized by three parameters x,,

x2 , , (for example, twc co icaias cid velocity), then phase space

will ue ordinary three-di.ena~ .A.L s;aze )r its pait, and the

controlled process will be i thbe displacement of pcint S

cver space curve (Fig. t.3).

If a number of paramett.s. wsca caaracterize the state cf

syst3m, is more than tlree, .aa aomatric interpretation loses its

graphLc nature, but gecmezxi6. ra -. &naX.gy continues to remain

conveaient. In general, whwa taw 4aza oi system S is lescribed by n

by tha parameters:

X....... X..

we will represent it as jo.a .u i Lu tao --limensioaal phase space, and

control interpret as the dis -. an f oint S frcm some initial
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regioa S0 into final 3..... 4v .;wLLau "trajectory", over the

specific law.

In order to make cleacra- iL .ei if "phase space", let us return

to tha already examined apac.tL ,oolasu which -a solved in the

previous paragraphs, and ldr. u. cusraict for each cf them phase

space.

In the task of the opr.ua jn of altitude and velocity (§3)

the state of the physical op:ra a (IL.ght vehicle} was characterized

by two phase coordinates - i aaa with a height of H.
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(')

C~cmoan"J ucer

Fig 0'2 o A.

Fig. 6.2.

Key: (1). Region of the pos.~ 6iad of system (phase space).

Fig. 0-.3.

Key: (1). Region of the posaa. Q,-acas of system (phase space).

Page 43.

Respectively phase space WL 4#%oi-~M ii.nal and was the phase plane

VOH (more accurate, the r, la.i.*d by abscissas V,,. Vo and

ordinites ft, Fij,,. optimum cr"A:A wd represented as the displacement

of point S over the cpt2MUM & on the phase plane. The
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initiAl state So(V,, H0 ) aua ric state S, .V,,,,,.jH(,,). they were

completely determined ana we.,e iw4u paiats S6. S., on the phase plane.

In the task of the sekattoa rof taa fastest path (§4) the

physizal system S was the r.LGA w" ca das tc he translated frcm

initial point So intc finaA S,, whi the shcrt time. Here again the

state of system was descr"e. &# tuo parameters x and y (ordinary

Cartasian plane coordinaxes), Au Lha rajectcry of point S cn the

phase plane was itself the ca.,Aa rc.ajectory of the moving/driving

point (truck).

rhe continuous tasx oz ior.ag of optimum route, examined in

§5, on the setting and la -.iis. s oa ot space differs in nc way

from previous. Let us note r&.ac i taa optimum path ran itself not in

the plane, but in the sFacd irwr .xaApia, the path of aircraft of one

point/item in another), thdi, paL- space dould become

three-dimensional, but it in tA. casa was optimized even the

mode/conditions of a chanygm n ". vljcity - four-dimensional.

In all, until now, exaa1.& tas.pd*de. initial and final

conditions So and S.. were tra comlataly fixed points of phase

space. It is not difficult tj iva exasalas of the tasks, where these

states are the whcle regicns S0 -u Se,, of phase space.
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Assume, for example, we natu to dcrect the combat guided rocket

from some point So cn tha eatalb buafacc intc the vicinity ct target

Ts s3 that it would strixe ta gaz. it is obvious, for this there

is no necessity to direct ro . ,ut ch6 fixed point Su and it is

sufficient so that it %cuia "it o praset zcre Su which surrounds

the target, sizes/AimensioLs La urm )f which are determined by

damaging effect of rccker. Le sre of rocket at each moment of time

we will as representative Loz b ,a taa six-dimensional phase space

(three coordinates, three coa~urus oZ Veiccity). At the initial

momear the coordinates cf Ao,.; &,a preset; the velccity ccmponents

are aeual to zerc (pcint S. .s .wkQlitaly determined).

Page 44.

As fir as final state is cQanecI S. , than it is determined not

complately: space coordinari wuu4. ba jitnin the limits of the preset

zone 3. and to the comjca&u#s wi vekcity no limitations are

iiposed. Consequently, regLo S.. a ta six-dimensional phase space

is limited on coordirates x, y, ; Lni is unconfined on coordinates

V "I. V V.

Let us assume now tldt La's u.cussioa deals not with combat, but

about the passenger rccx.d; &.oc .4. tae touchdcwn point is coumletely

ieterained, but on the valo. Lj "-cap~aants are superimposed the
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severe limitations; in thib - -- giioa S_,,. substantialli becomes

narrow.

Ln the follcwing vresaa, a ill meet with a whole series

of the practical tasks, wne r raw .nl.iai state .o and final .... are

not paints, but the whcla ce~lo,.f jiaasa space.

rhus, let us formulatd e4-L± iorolem of optimum coatrol in the

terms of phase space.

To find such control U* (ot.mum control), under the effect of

which point S of phase sjac w., aoia frca the initial ragion So to

finite dcmain S~0. so that in r.& casa criterion 4 will become

maximum.

3tated general/ccZMGc/t~rd. roolZam can be solved by different

methods - far not only ty rn. a.r.od oa dfnamic programming.

Characteristic for the uynda c eu.riaaJ.na is the specific systematic

method, namely: the prcciss ,z rn displacement of Foint i frcm so in

., is divided into the sex:L.s/.J of zonsecutive stages

(steps/pitches) (Fig. E.4), anld ia produced the consecutive

optimization of each of t , um, .&aniao from the latter.



0OC 80151503 F

d-J

Fig. 6.4.

Key: (1). step/pitch.
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In as=h stage of calculari~n i -wgat first conditional optimum

control (under all pcssicle oiIatlrJeilos about the results of the

previous step/pitch) , and ta.a, azec arie process of optimization is

led to the initial state S., dva.AA pissas entire/all saquance of

steps/pitches, on already tzws ;.u bdglnning to the end/lead, and at

each step/pitch from mary coud.Liu.al optimum controls is chosen one.

4ovever, what do we ga" d.&a tae aeip of this step-Dy-step

calculaticn of the process oj. oert.aizaiLoa? We win that the fact that

at cne step/pitch the struct.Azw .L c3a;rol, as a rule, proves to be

more simply than for entlrh .iloLr i.3n/axtent of process. Instead of
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one time solving cf ccm~lex ru4, wa prefer many times to solve

froblam relatively simile.

in this - entire enrit oz z,. a@taod of dynamic programming and

entira justification fcz itr a ,stapLicition in practice. If this

simplification in the piocaa.Ard u. opt.Lmizaticn from the distribution

cf process into the staSes 14. duow nit occur, tha use/application of

a metaod of dynamic prcgramm.nj Lcoaas meaningless.

§7. ;aneral/comcn/tctal formuia o craing of tha sclution of the

problam of optimum conticl i.,, raw iaeraod of dynamic programming.

In the previous peragyaa wQ zooumlared the Jgneral/ccmucn/total

formulation of the prctlem o.. a±a"nwi programming and it gave to this

task geometric interpretatic", a.r posing it as the problem of

steering cf point in t~e paaad bQce.

In the present paragra;. t wil A.t ampt to register in general

form not only setting, tut &.so sLunioa of the problem of dynamic

programming. Are true, the zau , waica ve will obtain, they will

by necessity take the very yaa.4.&/cjmmun/tctal, unspecific form, but

for tae understanding cr tai zrcw aise general tormulas will prove

to be useful.
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6efore to begin the jua~r /J..mdou/t.tal formula recording of

the process of dynamic jroj.L , ie should maxe more precise the

natura of criterion W, .ite .- A& we Qaus far in no way de-alt.

Page 46.

iet us note that in aii ex"aiel, until now, examples criterion

W possessed ono remarkatle tot&.i: taa value cf this criterion,

achiaved/reached for entire o was obtained by the simFle

addition cf the particular vrlu.i ut taa same critc.rica wL of

achievements at the single s"pe./ritzaas.

kctuailly/really, GneZd./c t.gon/c.ital fuel corsumpticn R to the

gain if altitude and velociT, je j) das the sum cf fuel

consuipticn r, at the siagi. br.&/pLtc1bs:

the tatal time T of displacwa.saz L .na joint/item in another (see

§4) was the sum of the tiabs o wjorzoising single stages '.

(7.2)

and sj on.

Lf critericn 4 rossesu a property:

IV .w . (7.3)

i.e. it is composed of toe . valAes of the same criterion,



30C = 80151503 PAGE

cbtaiaed at the single se/ s onen it is called additive.

£n the majority of th erdC&dL tass, solved by the method of

dynamic programming, crateLi.,a -.. idaitive. If it in the initial

formulation of the problem i. a(,; adaative, then they try then to

modify this setting cr crit#z.a: . .LS3 so that it would gain the

property of the additivity ,6a L,.Ltar, 14).

4e will examine only zaa uu.tive tasks cf dynamic programming

and same most elementary cr., z.w taosa Leading to additive.

.et us give setting auu ovLa1 d4.agram of the solution of the

problims of dynamic a .,Lh tae additive criterion.

Let there be the ccatro.. Lobs ot the physical system S,

separated on m of steps/pc.e ae. .Las).

Page 47.

At our disposal at each (i-t.) L/@itch is ccntrol /., by means of

which we we translate s)stri or .6 i&ate S,-, cf the achievement as

a re3ilt (i-i) step/pitch, i4to Aw state S,. which depends on S,__

ind selected by us ccnticl U kA. dapdndence we will register as

follows:
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Si S1(Si -I. Ud). (

by coasidering S, as ti.e zuar.4,u of tdo argum.ents S and Uj

i.et us note that fcr di 1 . tad method of dynamic programming

it is substantial so tiat ta. acs ,tir-j S, would depend only cn state

S,j ind control at i ste /#.tca U, %nd it did not depand on how

syst~a arrived into state Si_,. Lz .h.s proves tc be not then, then

shouli be "enriched" tle crakee za n "state cf systam", after

introlucing into it thcse eLaattjzs from the past, on which depends

the future, i.e., to incres. a u-,bai oL measurements cf phase

soaca.

inder the effect ct ccnr.r,..- U. U2,... U, the systam passes frcm

the initial state So into riai So.. As- a result of entira prccess

after m of steps/pitches i. vcta."ed tae "inccme" or "prize"
A6_ W (S'_- U,). (7.)

1=1

wher3 wi(S 1 . U) - prize At .,e L ;ate?/eitch, which depends,

naturally, on the previcus a ia. £y-tm S,-, and selecTpd ccntrcl U,

Is preset the cegicn or tn ,airiai states s o and the final

state- .wo,, It is neceax sc .fc nitial state S. cs% and

contr~ls :. U". ', at eac," szd/,/ictc so that after m steps/pitches
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systa a wculd pass into zeao. S.... aid in this case prize W became

maximuim.

Let us describe ir jnc i.m tia prccedure cf the

use/application of a methcu v.t uz mic prograffmiag to the solution of

this )roblem.

For this by us it il. "a at-asiazy to irtroduce scme new

designations. We alrcady des.yna;.a 4 - prize within always cf

proccams; 7% - prize for the i SL/pitct. Since the process of

lynamic programming is tuzn6-e/zun up fLoia the end/lead, for us it is

necesiary to introduce sjac. L*.w.ogaa.1cn for t.e prize, acquired

for saveral latter/last siee/ ,ea f rccess.

Page 48.

.et us designate:

:,_ arize for the latter/iaz-. ra/pircn,

. prize for two latter/ia-L .ta.p.;/jitches,

- prize for the Ldte. ia-i*1) of step/pitch, beginning

from t'e i-th and endiny w- Lna w-rh.
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It is obvious,

I , Mi + To±,. 1 (7.6)
. . . . . . . . . . . . . . . . .

As we already kncw, tam jo#;-.s or the oFtiaizaticn of ccntrol

of thi method of dynamic prorcsaL.& g ainas frcm the last (a-th)

step/pitch. Let afterward u-1)-a scep/pitch tta system be in state

S,,. ince latter/last ta-zai .4w/pL;i must translate system into

stats S. . ther as S.-, . is possible to take not all in the

principle possible states or j£j1 da, but only those from which for

cne step/pitch it is Ecssi.La to eass into regicn S,,,.

Let us assume that state S-,- t.) 4s is known, and let us find

under this condition ccrdit#a. vktimam contxcl on the a step/pitch;

let uj designate it U(S,.,). "u & - .he control which, being used

at the a step/pitch, transi.dwa %I&taa into final state S,, ES..,,. the

prize at this latter/lait stwp,4.h W, reacbing its maximum value:
I' (Sm. .,) = ,I.,x fW,,, (S"... U,,,)J. (7.7)

U'1

iet us recall the sense o s azbaidc formula (7.7). ' ,,)

indicates prize generally jaut ce.Lmaa) at the latter/last

step/pitch; it depends Lotu wn zno rasalt of previous step/pitch

• . and on used at this / ;oatrol U,,,. Of all gains
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W".(S,.U) during diffeent tonto.s Ui s chcsen that Frize V(S,.-,).

which has maximum value; t"h..a j. ,dicates recording max.,

Page 49.

Let us note that as ccntro. U,,* mu s; take cnly those which

translate systea of the pr6bat Le S._, into state S,,. belcnging to

regioa S,..

Finding the conditicna± ad"Auam value cf Friza W*.(S._,). we

thereuy find conditicnal ck.aua cnc roi U,(S,._,). The fact that

conlitional maximum Frize W.(S_,) is achieved by conditional optimum

control U:,(S,,_ ). we will & -" --ayadolically in the fcra

and subsequently we will use rai6 recordiag fcr the indication of

conformity between the ccnua.io & maximum prize and the conditional

optimum control at tact st t/p.Lca.

thus, the optinizaticn (.r Lczec/last step/pitch with any result

of next-to-last is produceQ, auL.a f round the ccrrespoanding

conditional optimum ccntroi. ru% uutained result can ba formulated

thus: in whatever state provnd tu se tas system after (@-I)

step/pitch, we already know ;az uo 4s to make further.
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Let us switch over to za o a.6zat on of next-to-last (a-1)

step/pitch. Let us do agaj #.ad bauap;.Lor that as a result (m-2)

step/itch the system arrivou la scate S.-2. Let at (m-l)" step/pitch

we use control U,,-_. As a rea"L Q ra)s control we at In-i)

step/pitch will obtain tao k d.. whLca depends both ca the state of

system and on the used ccnarji:

W' j= W"_ . 1 S,...Un.) I7.8)

and system becomes new state ",. also depending on the previcus

stats and on the ccntrcl:
S.-I -- S._ I (S.,_2. U,,,_d) 179')

3ut for any result or t--1j *".#itch the folloving, m

stop/pitch is already c¢tia.ra. , aud maximum irize cn it is equal to

FOOTNOTE 1. The sense cl rjuru.Lu (1.10) fclloving: prize :r, there

is a function of states,,. ab .&, in tarn, deFends cn previous state

So-, ani used control U'..,. S.nce &r tae designation cf functional

depeudence it is accepte4 tu use tae parenthesis, then in the

formulas cf type (7.10) we pa4 .A.e parenthesis of inside circular

cnes. ENDFCCTNOTE.

Page S0.

Lot us introduce into a s.iaaraioA full/total/complete prize

_ _ _ _ _ _-..a - - - . -
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at tva latter/last steps/p... jw auring any ccntrol at (2-1)

step/pitch optimum control a &,u w itap/pitch. Let us designate its

W""-,. . ; sign "+" it will us rto=aLu. that this is Frize durizrg the

incompletely optimized ccnzr.d, ,, c~acrast tc the sign "*". ty which

we designated prize with teaL cGa&e&eteIy optiiized ccntrol. Prize

v,'.,.,.. it is obvious, it A,& con tad previous state of system

S.-2aad used at (s-1) step/...tc LcQncr~l Un-,. Taking into account

formulas (7.8) and (7.1), w o oortin the fcllouing expression

for

Mt ., (S,,,2. UM-1)--

ie should select this oeti.aa coaational control at (a-1)

step/pitch Uj-_(S,_ 2), with wa.ca vsiua (7.1 1) wculd achieve the

maximum: ,max (W _ .,, (S.,.._. U,,_. 1)}. (7.12)

Just as in the previous sa4w of )ptimization, as states S.-2

afterdard (m-2) steps/pitcama .i. 4. aec.asary tc take not all

possible states of system# Uut # i Cse from which it is pcssible

to pass in 3,, for two atee s/ .Lcaws..

rhus, is found maximum L;a&"&.LoaaI prize on two latter/last

steps/pitches and correspona.nj ru it iptimum ccnditional control at

(a-1) step/pitch:
tv:,, , ) -._ _ U._,(.



DOC a 80151503 EAG E

ay continuing by accuraA,&I s.ca Zora, it is possitle tc find

conditional maximum prizes c" svwLla Latter/last steps/pitches of

process and correspondirg tu tfaas uptianm ccnditional controls:

WF,._- 2. , ,. , (S._ - 3) - .- (S,._3).
117,11 -, =_2.,. !? , (S, M_- ) - U m. 3 (S I _)

and sa forth.

Page 51.

If we already optiiza (.L+IJ scap/pitch for any issue cf the

i-th, i.e., they four.d

i , . (S,) - U +, (S).

that zha conditional opt .U- Wf tae i step/pitch it is Froduced

accorling to the general fo~au.L&
,, . ... ,_) , , U',,).. . U,_ . (7.13)

where

=--u,(S,.i. U,)+W +1..... ,,,(S,(S-,. U)) (7.14)

- prize, reached at the la&r/.:'i.j stips/pitches, beginning from the

i-th. during any contxcl ar una & &tap/pitch and optimu, control on

all taose following; S,(Si,_. U,) - c i ize intc which passes the

systsa frcs Si- under the oze wf control U,.

rhus, is determined cun.r.o.kl maximum prize at the last

°
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steps/pitches, beginning troa cmt .- r.h and the corresponding optimum

conditional ccntrcl at the L. sa/icch:

W £., . .... (Si_)- ) U (S,_,). (7.,5)

Applying consecutiVeliy/ae*C.&.&y., step by step, tha described

procedure, we will reack Lli &. e first step/pitch:

S..(o)-- U0 (SO). (7.16)

whens S. - some initial ste 4A ascea, which Ielonqs to region So

of th* possible initial staz.s: SoE 0.

esmains to select c€ti&1&.1 re initial state of system S*e. if

the initial state S o in ta. Laccuc&A pzeset (i.e. entire/all region

ST is reduced to one pcint .S,), 4awn taere is no selection, and

S*o=Sa. But if point So caa Ara.L oa chosen in the liaits of regicon

Sg, taen it is necessazy to Ap".e tae selection of initial state,

i.e., to find absolute (no 14n~ea coaditional) maximum Frize in all

steps/pitches:

Sa .. ES) (7A7

whetn the recording max i..ceb: m az.mum is tahen lue to all
S.E 30

states So, entering regicn Z.- VQ.&t S*o, at bhich it is reached this

maximuu, and should be taba a L am iintial state of system.

Page 52.

Zhus, as a result cf Lad Con.cuttvd passage of all stages from
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the sad/lead at the beginn ia., a.w round: the raximus valua of prize

for all a steps/pitches ana .o,&A. oa~nqn tc it optimum initial state

cf tha prccess
-.- S,,.(7.18).

Sut is constructed aLrded, u,.iau.a cantrcl? Nc yet: indeed we

found on each step/pitch cal, .a 4nia.Lonal cptiauu ccntrol.

in order to find citiauo 4,.,r.-.o1 3.n chi final instance, we must

again pass entire sequecce ,.& ioea/pizches - this time from the

beginning toward the end. 1Tn~s boc.mnd "passage ca the steps/pitches"

will ae much simpler than tn ric46, bicause to vary conditicns no

longer it is necessary.

As the initial state or sr.w Ls selected S*0 (cr simply So , if

initial state is rigidl f) .*/;ord). At the first step/pitch is

apFlid the optimum ccvtxc.L u*& j4we (1.16))

U, * u;(s.). (7.19)

after which system it passes iLzO aeuily the state

s;= s, (so. U '. (7.20)

it is now necessary to 96l 44. ,ua jontrol at the second

step/pitch. We already cFt.a.z..& .; foc any result cf the first

step/pitch, i.e. we kncw Ut,, j taaa (7.15)); substituting in it

S't, de will obtain

U;= U"(. (7.21)
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and so on, until we reach r et.&ha jontrol at the latter/last

step/pitch
u M = u :' (s' ,) .(7.22) -

and tas final states of the .a aA

S. --- :,, S1. (S". . U".). (7.2,3)

As a result of this ""r uc~alrs is found finally the

solution cf the probles: mcx. ".& possible prize W* and the cptimum

control U* which consists ox tAw o&timum ccntrcls on the single

steps/pitches (vector cf or..maa control)

u'=(u;. u; .... u'.). (7.24)

Page 53.

rhus, in the process or dp,&&a.c programming the sequence of

stages passes twice: fcr U ft".b tima - frcm the end/lead at the

beginjing, as a result cf a.ca i f~uad the maximum value cf prize

V*. the optimum initial stat. jL t.o=*ss S* 0 and conditional cptiaum

contral at each step/pitch; Lor ;u second tive - from the beginning

towari the end, as a result ,f wash is found oFtimum control Li/ cn

each stap/pitch and final *rata Q syszem with the cptimum ccntrol S:...

rhus, we succeeded in u.atjnj An general form and registering

with the help of the genera.L to-mu6as che process of dynamic

programming. In view of the ayanotc racording cf formulas the
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structure of process is vez, srn-a, 04t this - false impression.

Upon the setting of the seL o .olams of dynamic programming

frequantly appear tte djtiacul;rb.

rhese difficulties ara ;nnc4e, in the first place, with the

selection of the group ct La&aird~a x, x 2 , ... , x,,. characterizing

the state of the physical ayasw& s. As it was already said, these

paramaters must be chosen ao zaac in ta.e preset state S(x1 . X2 . x.,) Of

systs 3 s at any mcment/totluo a.* rollowing state s'(x;. X;. x). into

which it passes under tke eri .uz cwtrol U, it depended only on

the previous state S and ..r.& U aal did not depend on "past

history" of process, i.e., LAcA zat, dhen, as as a result of what

controls system arrived into scat= S. Lf this proves to be not then

it comes those element s/c".i. or" A e past on which deFands tte

futura, to include in the 567 oz e ,.Aaeeers xs.*r .... .,. those

characterizing the state cz aysca a. tkne given moment/tc.-qUe. But

this leads to an increase ,A tao umaua ol measurements of phase

space and, which means, to cue coarlication cf task.

rhe second difficulty 3,f reascnable "staging" cf

process. It is necessarl sO Lc "4.mngage the prccess cf transition

from S. tc 3.,, to the jtep/ 1"n.. so that they would allow/assume

the -anvenient numbering auu caw esezie sequence of operations. This

task is frequently far cot sde. oa.
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Page 54.

As has been menticaed d~ove, rha distribution cf process into

the discrete/digital "iiep/i n" i not the nacessary

sign/criterion of the method cx uluamic programming. In principle

always it is possible tc dir.ct taw laagth of step/pitch toward zero

and to consider limitirc ccs - -cjnc."uous" dynamic programming. It

is possible tc obtain in tao u fora the sclution of such

continuous problems crnly i &ha LgLe cases, but they have the high

theoretical value in the pxovf ui %,ha existence theorems, and also

different qualitative pzcpwr&i.or L h optimum sclutions (see (1]).

In oar elementary presertazr.n .x tha aetaod cf dynamic programming

we will in no way concern tAmsd Liitiag cases.

In further paragraphs wa wA. conider a whole series of the

practical tasks, which are pajau./aptroach under the overall

diagrim of dynamic proczana .y. sQae of these tasks we will only

supply, for the majority let us siitch the diagram of the solution,

while some soluticn tc the , Sjms tasks comparatively easily

are carried out under te ovwra.L QiAgram, Exeented in this

paragraph; above the settin-j ox r.seca it is necessary to still take

soma gains itself. Keeping i. ma uawieldiness of calculaticns "by
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hand", it is easy to ccairfniawau "at ta the ccncrete/specific/actual

numerLcal result will te lou .aL . ha .Laplest tasks with a small

number of parameters x,, xz, ..., thit ara determining the state of

system. However, it is tsc a r. aava Ln mind that by completely

the same methods with the uod.,i c rh3 contemporary high speed

computers it is possible to acva aal much more complex problems with

a ccnsiderable number cf . However, as far as number is

concerned of steps/pitches a, tmaa far the machine calculation its

increase difficulties dces not jeaerilly obtain: simply increases the

time if calculation Frcjcr-i4n&. aw i number cf steps/pitches.

Page 55.

§3. Task of distributing taw rwao&cas/lifetizes.

Among the practical ts&s, 4...vad by the method of dynamic

programming, many they have a a _ak .o find the rational

distribution of resources/ ... &wa, icaording to different categories

of actions. To this tyPe oelwa,, zoC 4xample, the task about the

distribution cf means tc nu e@ajQiea, tae purchase of raw material

and tae hire of work fcxce aiA the organizaticn for work of

industrial enterprise; the T& & a o rae distribution cf goods

according to the commercia.L a4A ar locations; the task about the

distribution of means betwaei. aiziurar branches of industry; the
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task 4bout the weight dist z"& batdean different aggregates/units

of technical device/equiFzeaL, ac.°

dere we will consider ce r rha simplest tasks of distributing

the rasources/lifetives, ca w"%..a at is easy to damcnstrate the

special feature/pecu]iaity -± m au sAailar tasks.

There is preset initial qud.ty of means Zo (it is not

compulsory in the mcney fCrm, waich we must distribute between two

brances of the production: I au 11. These means, teing they are

imbedled in branch I and L, ji.u tue specific inccme. A quantity of

means x, included into kraacM 1, LA oaa year arrives income f(x) ; in

this case it is reduced (pjar4.ia.&L it is expended), sc that tcward

the and of the year frcm iz .amA.o tha ramainder/residue, equal to

*(x): <.

Is analogous a quantity cf aa y, .maedaed in branch I1, yields in

the year income g(y) and is AeaucftuC o P:

After each year tte ramaia"v means again are distributed

betwean the branches. New snas i& daes not act, and into the

production are packed all reaaau in the presence mears.

It is necessary tc i u suaca aachod of ccntrol of service lives
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- whiz eans, in what yrars Anu L .o wnat branches to pack, with

which total income dtrirg ra e.A iato m of years is ccnverted

into the maximum.

Ae will solve problam D, raw Actaod of dynamic programming. The

physical system S, whict we a " Anaga, is the group of enterprises

with zha imbeddid in them ians. e~iza W - inccme frcm both tranches

I anl II during entire jerLo4A. ana t - tc plan/glide cn a of

years - gives the natural Of process on m cf

steps/pitches (stages). Howevar, &wr tn purpcse of prasentation we

will At each step/pitch dist.njai.u two halfsteps or

"companent/link". On tte t4-,it 4r thaa occurs the redistribution of

means; on the second - toe a-a s.Lly arre expended and cccurs

fornation of inccme.

Page 56.

i6et us select the now A~i4.;&l parameters with the help of

which we will characterize s.t...on (state of system).

rho situation befcre e u i stage (befors the

redistribution of means) l,6 us a.Lea o characteri2e by 4uantities

cf tha means
x _. Yi-l'
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those remaining in brarcaes , .u AlI aftur previous (i-I)

step/pitch'.

FOOTNJTE 1. This does ncz La.ac. .w h rLrst step/pitch in the

beginaing of which to us lb aia&A givda certain quantity of means

Z3. ENDFOCTNOTE.

Situation after the dis-triu&iou u xeans (i.e. after the first

compoaent/link of the I St6p/pA.LcJ we will characterize by

quantities of the means
XL. yi,

those packed in branch I aaa Ii at tais step/pitch.

As a result of the secoa 4oeoait/link of the i step/pitch

(consamption of resources) ras# walues it is reduced and will become

equal to
Xi. yi.

after which we let us pass zw za6 LaIliwing steF/pitch.

i.et us depict tte stare cz ,jbtam as pcint S in the phase space.

This apace can be construct La A .aLfferenz vays; for the pur~cse of

clarity we will select its ziso- ensional (Fig. 8.1).

Along the axis of abs...sa- wx de will plot/deposit the quantity
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of resources, packed intc braza A.; ;a axis of ordinates Oy -

quantity cf resources, jacaA ".tu bceaich II. Then phase space will

be the part of plane xC), wn.cu .f..s within ard on the borders of

trianile AOB. Actual ly/eaL.,. . aiay stage cf production the sum of

the resources, imbedded in .a4a i nia 11, cannot exceed the initial

supply of the resources:

x-+-y Zo; (8.1)

furthermore, these enclcsurad aom aoa-aegative:

x>O; y>O. (8.2
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Y

A

zo 3

Fig. 3. 1.

Page 57.

By tha region of plane zOy, .a.&n dazistiis ccnditions (8. 1) and

(R.2), is triangle ACe; thas aau &.ere is the phase space, in which

it caa change its pcsiticn puvi&L a, kaich represents the state of

systea.

Let us determine reqiona 4g Aa.d S., of the initial and final

conditions of system.

At the initial icment &&aL, tha, we kncw abcut the state of

system, this that the fact r.a" LA& juu cf encicsures into both

brancaes is equal to tte i"aiL *appli of the resources:

x+y=ZO.
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This condition satisfies aalj o cuzt, g off AS, which and is

rsqion 30 of the initial stdas oA. systaem. As far as position is

concerned of end point S... i.0u we ca w only tbit for it
x>O. y>O. x+y <Z0 .

i.e. :eqion §.. is entize tanh&v. AJi, besides hypcttnuse AB.

Let us look, what tcra aa -Lie tao trajectcry of point S in the

phase space. Since we tXaa.& " . ecised pro-les, this trajectory we

will represent in the fcra c& czo.&n line (Fig. d.2). At the first

step/1 itch, in contrast to orba4, ozUars cely the expenditure of the

rasources (there is nc Measlsa,..-.oa), " this case cf the Feint S.

with the coordinates (ix, ILj do ,ass irkto joint m with the

coorlinates (X*g, Y'l)- SILC* AIx#, t'i4Yt, the this compcnent/link

of trajectory is the secaeut, a..&ctad from Fcint So downward and to

the laft. The follcwing (sacanu step/pitch is divided into two

components/links: 21 and 2. on z. first component/link 21 cccurs

the radistribution of resoui#ue .a this case zxy remains constant

and, which means, point S ;6z sovi oa tas straigat line, parallel AB,

into point N with the ccoriaza Ix2 , y,). on the second

compoaent/link,of second ste,/yi."a (2) again cccurs the expenditure

cf rezoarces, and point S eoves u%)wnward and to the left, and so on,

until through m cf sters/p.4..a .i cn.eved/reached final state

- point with cocrdina.. (-, .,

'I
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Page i8.

Let us not^ that the co--ko--.s/L.na1s cf staps/*pitches are

noneq4ivalent: contXcl as r6&Zf only cn the first component/link

Cf Each step/Fitch, and cc z."e on do uttain iaccae. Contrcl Us cn

the i step/pitch (realizoid Q., r.4. xi.:i. cosmcnenz/link i1 ) ccnsists

cf the selection cf ncr-nejal.Lvw values x,, y, of Such, that

X, +-y, - X;_, + y;.

After this we obtain or tnr .oa ciaiuaent/linx of the i step/pitch

(I) the incco.
=e-- / (x,) + g (y'). (8.3)

but point S. which represeLr-. z. atata of system. passes to the new

Fositi.on with the cocrdina..
S= ,i) 184)

It is necessary tc iand ca , &osairion S*o of pcint So on the

straijht line aB and thi ;aj.-rwz.y of joint S in the phase space so

that the total income fc¢ &I. a t, ta* steps/Fitch~s

-' (8.5)

woull be converted intc tau maaa.
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Page 39.

Jefore us - the tyc.&. ta*.ix of dynamic prograrming. let us use

to its solution the gerezak/4cai/%to4 aethcds, presented in the

previus paragraph. In crdez to amAe a coacrete/specific/actual

application/appendix ot y ea .math d as clear as possible, ve will

permiz ourselves perbaFs a t..L.t ,,o bO repeated.

As always, we will cpZ..!.iis. 4.e process cf distributing the

resources, beginning ftc. taa. a oA/eaid, moreover immediately cn both

components/links of each srL/eJ.tin (taxing intc accouat that the

second of them it is urgui,,u).



DOC = 80151503 FIGE /

i.et before the u-th ( Cdh./.as) stap/pitca we be found at

point ( '.._,). and we musz i resourcas, i.e.. select

Foint (x. Y.) such, that

x.+ ..- ,+YM,-I"

Let us note that tcz scGvia. This tor us is not required

knowlbdge of both numbers x-j' YM.-, aad it is essential to know only

their sum, which is sub;.cT . c raw radistributica:
---- x 1 ±y-' ').

FOOTNITE 1. Since the state %o &Les *ztar each stage is

characterized only by cna nudoL, we could select our phase space

cne-I iensional, but then ;.;gGauy wo ii apjear sc not clearly.

ENDFOJTNOTE.

Aedistribution will cQn..sr ,,u tua ;act that we will isolate

some part x, of resources Z,-, AQ put i.t into branch 1; a quantity

cf rajourcss y,. which is pac&u L".Lo azanch II, automatically it will

te determined from the xelat-ca.*"/ratic

y. = Z._, - X..

Zhus, at m step/pitch "tcnrz.ii." is xn. We must fird on this

step/pitch conditional cFtJia-m curr3l. i.e., for any value Zm-, find

such 4uantity of resources x*,(Z,._,), of caose packed In branch I, with

which the inccme at the a st./rd;uh, equal tc

11.Z. , m.=V (. 1 (8-6)ammmmam mmmhfm msm m m i mm amm
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is convecte4 into the mauim 1u

a, (z. m x (W. ,(Z,_. (A,)j. R)
<VM - I

li rm= amnawmm w .. wn .=. mnmnn~um~unannlmnm nA
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3ecording max. means tat is ta au tae maximum

0 < .w, < ZM I

in terms of all possible at rL atep val.ues ¢f control *, they are

non-nigative and do not exc d ". ganerai/cczmcn/tctal suFly of

means Z,.,. by which we azr.Lv-&a .. -,.his step.

.xpressing maximur inco"a la.7) ai. tne last step/pitch through

the iabedde.d means acccida.Lt to ;umuia (3.3) , we will obtain

ro this maximum value cwrrgeunis the specific conditional

optimum control at the a st/,e.La
w,*I (Z" ... ,) -u"M (z. _,).

and tae problem of tte ccnai.,ac optamazaticn of the m step/pitch

is solved.

het us switch over to tAe co~aitonol cptisizaticn of

next-zo-last ((m-1)-th stek/,zca. Lat .ftter (m-2)-th step/pitch be

preserved the suFfly of zbe mew

Z._= 2 , + y,. 2. (8.9)
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Let us find *,, .(Z,.) - u na maximum income in two

latter/last steps/pitches. L.e; ".ir ] U,_,. used at (m-1)-th

step/pitch, consist cf the z cr "at wd pack into branch I prcvisions

-_ (and that means, irtc L.a. LI - govisicns y,- . -

With respect to these enclosArd6 Qz (m-)-th step/pitca we will

obtaia the inccme
:" ., , 1/,- .. ?? .v,-O =i .. t -- I.. -- X- ).) (8.10')

and system changes intc thi oi 4f phase space with the cocrdinates

according to the geA*Za /Cp-AAn/tota. principle (see §7) in

order to cptimize conditicn. cr.a.cl at (m-1)-th step/pitch, it is

necessary to sum inccme at (.-1j-. slap/pitch (8.10) during any

contr1 *,,, with the alreau.i oL."aiz inccme at m step/pitch (8.8) ;

we will obtain total incca ,z zwu lattar/last steps/pitches

W,,...,(Z,,_ .. ,,-.-41V,,s(Z,n._,) (8.12,

Page 61.

Ifter this let us finu zha cntrai x,, cn (m-1)-th step/pitch

with dhich inccme (8.12) is ov,&ea Lno the maximum:

- max (IV,_.,,,(Z,,,_.. x,,,_,)}. (8.13)
S ,_ < Z _
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Lat us write evident exlress..ca WZi,,(Z,. x,._) as to function from

both arguments. For this fit us o usti-44ta into formula (8.12)

expression (8.10):

W,;"_ , m (Zn_2. Xm_ 1)--

-- (x,. 1)-j-g (Z,,,_ 2 . - x. .l)-- (ZM._,). (8.14)

But oa right side of (8.14) .s Lu..;.Laed, besides Z.-, and _ still

7,-,. Ln order to get rid or .a. ".xazss" argument, let us recall

that the supply of means Z.- dz~w& (La-1)-th step/pitch depends on

the supply of means Z.-2 , cj 4AvdAla at the beginning of this

step/itch, and used at s-u- ap/pitch ccntrol x.-; according to

formula (8.4) Z -_ = ?(X._ -+*(Z _.-- _). (.

Substijtuting this exrressifa in" zormaula (8. 14) and then (8.14) in

(8.13), we will ottain linc4L.A a. expressicn of conditional maximum

incoma at two latter/last st..f/e.icaes:

= max if (x, 1) - ._. - ... -

where f, g, - sFecific, trz. x f ancziODS of their arguments, and

W.VtZ,.i) - function, obtaireu &s i casult ft the conditional
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optimization of latter/last / .ta; intc this tunction (given cne

by formula, graph or taie) .nbcda of azguiert Z,_n- it is necessary

to substitute value (8.15).

Page 62.

rhe value x,, . witk wL.a .a&ins maximum (8.16), and there is

condirional optimum ccntrc± -At ua-1)-ta step/Fitch

.x_,(z :.).

rhus, the problem c¢ zas tiua.,t.ol oFtimizaticn cf control at

(m-11-th step/pitch is .sclvt: A &oa1d conditicnal maximum income in

two latter/last steps/pItcatka Q.a cocrasponding to it conditional

cptimim controls - quar.titj o ias, )acked cn (m-1)-th step/pitch

into ranch I: IV*

3y continuing the xcLcCs 4; #oada-ional optimization in exactly

the same manner, we wi] c taAi rs. iay (the i-th) step/pitch

condiaional maximum income zr ".& s4;a,/pitches, by beginning frcm

the data:

................ ,,.,.) . .i7

- Max ~ ,(,.x). (.7

wher

() ... Z,_,, X,) = f(X,)+ (Zi_-- X,+



DOC 80151504i PAGE

and 'A', ... (Z,) - functicr, Q.L..da4 Lo;ajrructed during the optimization

of thd i step/pitch: into tas atioa instead of arguuent ', it is

necesary to substituti tto wAicab-ion

(X (i- 1  (89

Substituting (S.18) in It.17 , o viil )Dtain evident expression

.. . ) through knc 9.oas / , .? '. t' .,

:" , ,... . z ,) 11,ax If/(XI) + (Z,_, -x',)
X i. - i

+ (Y ,X, .... ,(, ., + , z -- .,I ('8--2o

To this conditional maxisum .acaw corrasponds conditicnal optimum

contril at the i step/ritcn.

dhen thus we produce ;.Ii -.. t4oaaa optimization of all

steps/pitches, except tte ra.i. 1L.t us recall that it is

qualitatively different frcip r-. whirs, since it consists only of

cne component/link), tc us it& acLns to optiui2e ccntrcl on this

first step/pitch and tc ±iu ua. w xiina full/tctal/ccmplete prize at

all steps/pitches, wl.ich dea.nus ,t goas withcut saying on the

initiil supply of means Zo)

"(Zo) ----- , . . .( ,. (8.22)

Pige 63.
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ialue *'1,2... (Z.4) will uc lvucard trom the samue formula (8.20) as

at thi remaining steps/jatca.s-

, 2 . .... .(Zo)= nax {/(x,)+g(Z -x,)±

.......... .....,((,)+.,(z-x,)). (8.23)

Entire/all special fEature/icu iry oi the first stap/pitch lies

in th3 fact that the iritia. s, at aans 20 is rot varied, but it

is assumed to be known. Tau iauf 4f catrol x*, at which reaches

maxiilim (8.23), is ac lcng.r uocu. f ally optimum, but simply

ootimum control at tte tirst s'.//rigca w{aich it is necessary to use.

rhis valu" x*1 deterainos zu aoSC~ssa of point S*% on cutting

off AJ, with whch begirs -6.rd j.]czory in the phase space.

Knowing the positic ox Al." ro and again passing all

steps/pitches, but alrfady i Lnw uppos.t direction - from the

beginaing toward the end, It iS -- S LbAd to ccnstruct entire optimum

trajectory of point S. Let ud tzaw aod wIll lass this trajectory, on

the steps/pitches and tkeir .cqouats/liuks.

Ln the beginning cf t a stai/pitch point S is found on

cutting off AB and has ccooz a.. .

After the first step/pitch , .u . is Aoved into tae point with the

cooriinates ( = (x); . .
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sum of which is equal tc ta sa .f aj ens after the first

step/ itch
Z, = (x) + (yI)'.

Cn tha first compcnent/linA ..i L. sacinu ster/Fitch occurs the

redistributicn of means; Eut a ,Qsses intc the point with the

coo rdinates
= x (Z). ,; = Z - V.

whera x*21 Z*) - the ccn.t.-,o,4.. tprnia ccntrcl at the seccnd

step/pitch. in which irstteiu oz 4, ii je- %**.

Fage 34.

On tha second component/liBA or A& Seond step/pitch occurs the

expenaiture of the means, ar" koi,6 S is moved into the point with

the c:iordinates
( -= ? (x'); (i)'= (

sum of which is equal tc ts m.LA&iag toward the end of the second

step/.itch supply of tte me .s

and s3 forth up to th.e latr;/i.i scae/pitch.

Zhus find the final sciutiG (f ta4 prcblem: maximum income for
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all a of steps/pitches b* OU& GuLw ilding tc it optimum control

X* X(X 1 l, 1*21 .. , -g,)ln r.-, aat quantity of means in what

stage it is necessary tc sa.L¢ io anch I (remainder/residue

automitically is abstractea/As.euzv.i .o acanch I).

.Ifter is exauintd the s4.,c oriblem of dynazic programming,

it is useful again tc ritua to t ats gaearal/ccmmon/total presentation

cf a juestion into §7 and to iou&, waad concrete/specific/actual

embodiment obtaired in thj-; xjA . cii intrcduced there

generil/ccmmon/tctal ccrcept- .

Zhe system of these ccntor. 1 it dill register in the fcrm of

the table, divided intc two dzzs iy virtical featuxe; to the left of

the faature we will write taat vae, joncept or sysbcl which was

applied in general; tc the z.&9a. - carraspcnding to it analog in our

speciil case.
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Page 0- 5.
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OIITIO.1.1h1l0C YnpaR.AIIHe OnTilMa. biloe KIAIIqeCT80

t,* - . Li . U [ CpeCTR no rorabc, ahc~eMoe
8 OTpaCAb 1:

Key: (1). In general. I., ou. c.41 case. (3). Physical systam

S. (4). Group of enterfliso.s wi &mjftdauu in the isans. (5). m of

ethanes (steps/pitches). (o). I . (/). Additive criteri.on

whera .; - prize at i sx sp/LLzua, k. Aygregate prcfit after m of

years

whera w - income frcm (aC."g A. Qn LI at i step/Fitch. (9).

Ccntrcl at i step/pitch. t1j) P t4dAtZ-y cf reans Y; packed into

tranaa I. (11). State cf sjs..j a z6eward i-th step/pitch S'.(12).

Quantity cf means t1, 2 rekca. .&,j ;i:a ches I and II respectively,

essean:ial for planning furtiir a.s/patches is their sum. (13).

State of system after i stf/pxuc- depaaaing cn its state after

(i-1)-th step/pitch and coiaic.. a i s5..d/pitch. (1l). Prize at i

step/Luitch depending cn issu. o. t -1)-;a step/pitch S;-e and used at

i st3?/pitch control. (15). eaea zpicj. (16). Iriangls AOB (see Fig.

8.1) (17). Regicn of te iALr . aLaes of system 3o. (18). Segment

AB (sae Fig. 8.1). (19). ,u fial states of system. (20).

Trianile AOB (except fcr hrauiz,) (saw% Fig. E.1). (21). Optimum

initial state of system. ( er, * -..aia 4uantity of seans x*.,

isolated in first tranc, anA UatA.mlnmd by it quantity of means

y*1 Z7,-x*1 . isolatd in seoo.d [£LcLIan. (2J1). Cptimur control. (24).

Optimim quantity of mears ovwz 1saL, zet4ratinq into branch I.

In ths following presenta"o, d w.,li avwrywhere follcw overall

diagrim §7, no longer acccw n4Lj iz .y so/such comprahensive by

explaitations.
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§9. Rzamples of the tdsKs tawuc r4 Iisa.ibuticn of

resources/lif etimes.

For mastering the general -&uAt4.ot or the task about the

distribution cf resourcfis/.L."d..6wa4, 9.Lvan in tie previcus paragraph,

it is useful to use it cr tn c.LGat/specific/actual material. Here

we will ccnsider two s.eciz.. dAua,.1s or general problem about the

distribution of th3 reEcurc/is4 = , in each of which let us

assign the completely sleciz.c zoi, of zae function f(x), g(y), O(x),

i(y, iad let us bring each or tal IdaiA.Se tC tke nuserical result.

zxample I. Is planned/ jA..A -ha dock of two branches of

producticn I and II for peri#4£, w o• yi 4rs.

a quantity of means x, -Lus.uud ia oranch I, gives in one year

the iacome
f(x)=x2  (9.)

and Lie to this it is zduce. to

?(x) = 0.75x. (9.2)

.A quantity of means y, m&,iA-d ia orarch I, gives in cne year

the i.acome g(y)= 2y2 (9.3)
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and it is reduced to

j(y) - 0.3y '). (94)

F0OT4JTE 1. Unity the afasuLuG*e uf L.tcome and imbedded aeans must

not bi the same. The osf/a '. ot roriulas cf tyge (9.1) and

(9.3) does not ccntradict rnu e.A4iplas of dimeasicns, it means and

incoma are expressed ir cce.azj seeizic urits of measurement.

ENDFOJTNOTE.

Paqe 67.

Lt is necessary tc pruuce t-o jiscributiom of service lives Z.

betwean branches of the I cL6 A ;o 4azn y-ear period tiing planned.

Soluticn. Ccnditical crt..aum c3nairol x,. on the latter/last

step/jitcb (quantity cf asana, ivAaz*I in tranch I) is located as

value xR. with which it an.as "lmaa income at the latter/last

step/pitch:

(max {-.,(ZW1 . x,,)).
0<hI '4 4Z,-,

where w,(Z_,. X.)----+ 2(Z,_-XM)2 . (9.5)

The graph of functicn

W. =. (Z._, wn

depending on argument x. A4 rdrr.-&atjd with th.e given one Z._ by
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certain parabcla (Fig. S.1). 11, ,Cwa.d derivative cf tuncticn t.o of

x. is positive, and threfro. #a.o1& is ccnvertea ccncave-up.

Maximam value can te reaca%.a c1 6n tae borders of'gap/iaterval

(0. Z ) -

FOCTNJT3 Z. Therefore has no sas tj Attempt to seek the maximum of

function w,, equating tke dtr.iax v to zero. ENDFCOTNCTE.

In orler to determine, ca wnac rztwisey oorder, let us substitute

intc formula (9.5) Xm'O dnu x.--Z. .e will ottain in the first

case (when XM=O)

,,. = 2Z _

in th* second case (when x.=Z._,) 2
Zl "I Z, I.-

The first value more than tn. s,*Qad¢ consequently, independent of

value Z,. . the maximum c± iAn#oad .t ta latter/last stap/pitch

reachis when x,,,-. i.e., co"d.4 ."aal jplimum ccntrolx',(Z,) does not

depeni on Z,.-, and it is alwas i-u.. tj zarc, but this isans that in

the hagirning of last year a4.i LQ.lljJa means it is necessary to

pack into branch II.
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arm

Fig. ~1

Page 68.

This is O01y logical, as2nc .ajm fro.A t.nis tranck is more, tut the

expenliture of reso'IrceE us Ac .Iomqer .nrcarests (follcwinj step/pitch

it will nct be).

Juring this OptiasU coinrOA, J.aSL jear will bring to us the

i.et us switch over to za "atriotion of resourcas to u-1) -th

year. Let we approach it miz. -uo aueIpdy of rescurcos Z~.Let us

find the conditional maxmua ia;m ia two~ last year:

- in,, - x~ +2). ,.) 2 ~ ,Z,,l
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But
Z.-= 0.75x,-, + 0.3 (Z,- 2 -- X- l)'

and consequently,
2 [0.73x.- + 0.3 (Z.-2 - x,,)I2

Hanca w will obtain

- 210.7.5x,.+-,-0.3(Z,._- -

,he expressic in tas %;4 rj6. briefly designated . is

again the polynomial of tnu adcQA.u daey:sa relatively . with the

positive second derivative, aau &%-ab jraa - Faraoola with convexity

downward, so that it is ay4& .-.cw~sarj zo trace tc ths xaximum only

the aAtreic pcints of izrezvL . 9.2):

Key: (1). and.

In thi first case (wben .,_,.oi .. wAl. oatain

.- ,,___ -.-2 (0,3Z ,_ ' - 2. 1 SOZ, :;

in thi second case (whec _,----,._.)
%]',"* .. " + ,, 2 4 (0, TS .,,,_ . : - 2 .1 2 5 t ._.



DoC- 80151504 FA A

whenc3 it is clear that tho 9AAw 1an reaches when X,_.1 O and is

equal to Wj..(Z,~._2 )'2.I8z 2  2.% ., ar ;ie next-tc-last step/pitch it

is necessary all rescurces tv 4(.;&. iatj branch II.

wet us pass toward tm-s1 -s cu stap/pitch. It is here necessary

to maximize the Folyrcvlal " tne -ezo~d degree

+ 2 (Z._3 -x, 2 )
+ 2.181O.75x,._+

+ 0.3 (Z,,_3 -- _2.

rhe correspcnding paraila. (A jn any cf the steFs/pitches) will

be aqin converted ccncdve-u. u. tn.i time taximus will be reached

not oa the left, but cn tn" i ,ocdwr of section (Fig. 9.3).

Actually/really, assuMirj/Jw.t1A x,. 2 =Q. we will cttain

2.. - -, + 2.18 (0.3Z 2, 20Z

but ven_

,.'._. _ , = Z!. - 2,18(0.75Z.._3)9 ; 2.23ZM_ .
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24

fig. J. 2. Fig. 9. 3.

Page 70.

Consajuntly, conditicnal o.iiaia coatro. at (m-2)-th step/pitch will

be be X,-2 (Z,.-3) =- Z,S_ .

i.e., on this step/pitch oy.mum 4,onzr.l lies in the fact that all

available resources to Fdc uto -Azaaca I. In this case we will

obtaia the conditional axi2zm-m iaccme

it is obvious, in all Lqi.A¢w.&L s;aqas the maximum will be

alwayi reached as in Fig. 9.j, 4z zha ..iyt er.d/lead of the segment.

Actually/really, for i<g-2 rgnccr.zau W,,,. will take the form

. - 2 (Z,-, - ., ) C I0.75xi + 0.3 (Z, - x1)12 .
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where coefficient C will ur ao,=: tnaa a.Id, since it with each

step/pitch cnly increases. iaucuzw.e oeatium ccnditicral control to

the wary first step/pitcn jiciu6.vely) it will remain

x i(Zi-)=Z-_I (i= m-2. n-3....).

and cinditional maximur incoia Lo, aA. srups/Fitches, begirning from

the i-th, it will be

IV + " (I - Z~iI + IV(0. 75 Z.)

thus, optimum ccntrcl i.- zrou&: it lies in the fact that at all

steps/pitches, except rext-tw-Aja. aAd latter, to pack all resources

i.to iranch r, and at tuc ,t ps/pitches to pack all

resources into branch I. Le.. u., "ota ;hat this sclution is obtained

indepdndently neither cf a aemaoi uf steps/pitches m nor of the

initial suiply of resotxcas Z .

Ln order to visualize tae I )f optimui trajectory in the

phase space, lot us ass~gn t..e 4,rai/specific/actual value of a

number of steps/pitches m:- kiwua&ct.oa process is planned/glided to

5 years).

Page 11.

Optisam trajectory is r*Vreasw;na in Fig. 9.4. Cptium contrcl

process cf resources ccrsab" ;A .ae filiawing. To the first year all

resou.ces are packed irtc uaaca , a ad are reduced to J.75 Zo . By the
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3econl year - into the Eame j.jau, I taey are reduced tc 0.56 Zo

(thera is no redistributior, wt wiou ccs, and therefora the second

compo-aent/link of the seCcxu Ste/ri:cr vanis es). Cn the third year

again all rescurces are jacxwd ,aco tai same tranch I and are reduced

to 0.42 Z.. On the fctCtn j" .o p3L.cy varies: occurs the

red is:ribution cf resotces .LirAaae4 rajectcry phase) , they all are

packed into branch II aza az Letu4,;el ;,o 0. 13 Zo. On the latter, the

fifth, to year again all ressvu .te ara packed intc tranch II;their

remaiader/residue at tle fau or tae CiLtn year (and entira period)

will ie equal tc 0.04 20. iu&n.iu .ais distritution cf resources in

the five-year plan will oe ojr.A ne aaximum iriccme, equal to

I = 2,27Z, .

Cf this example optimum ccuc. cuasisced of at each step/pitch

Fackiag cf all resourceS e.AdT "Lo oae or intc anctber branch.

Always whether this will be ibub. Low ie will ascertain that not

always. For this change the A. cza %)L ta function f(x) and g (y).

Zxample 2. Is planned/9y.iaiu tha Activity cf two branches of

production with the I and i p4A 4 ca 5 years (a=5) . The "functions

of th 3 expenditure of resou4.as" o&x) =J.75x and (y)=O.3y the same as

in tha previous example, ur t aa -unc..con cf the inccme" of f(X) and

g(y) )f the replacement Dy ooeiab

(x) I - e'; g (Y) eI -
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ZA

Fig. 4.4.

Key: (I). Redistributicn.

Page 72.

It is necessary to distrxiuta taw ava;.Laale rescurces/lifetimes in

size/limensicn af Z0 =2 taxwaoa "a&Icaas E and II cver the years.

.iolution. In the previ.uS eaip~ , in ccrnecticn with the very

simpl3 fcrm of the functica 4(j aid jy), the soluticn was given in

the analytical fcrm; "n t..&s raaoe to construct the analytical

solutLon is difficult, and w. w. solve prcblem numerically. The

meeting in the task furctiun&J . .endaacias we will represent with the

h9lp if the graphs. Let at ti &-zjnaiag of tee fifth year a quantity

cf rijources be equal 7,. ArA cae to iind ccnditior.al optimum
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control cn the fifth step/e. .cn I 4 .t is necessary for each Z,

to fiad the maximum of tne trc#,

~' --- -e 
-2 

' 
-  

)=

2 -[e-I,-± e-2 (z,--,. (9.6)

With chat fixed/recorded Z, rnki s - cha function cf argument x5,

conveA upwards (Fig. 9-!). C.a aijum ot this functica (depending on

value of Z,) can be reachea aiA*.i w6taia segment (0, Z,) (as shown

in Fij. 9.5a), or at his lirs. dau/Aeal (Fig. 9.5 b).

£n order to find this ajA.gt, Le 4s differentiate expression

(9.61 on xs. If derivative z.ccwt z~sr a certain Foint within the

seqm.it (0, Z,) , then at tn." b reacaes saxiuum W; if outside -

maximim reaches at xs=C.
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Fig. J.5.

Page 13.

Jifferentiating (S.6) w aw

(M ,--2e 2 1Z. T) =0 (9.7)

At this ster/pitcb eqa Lj j~~j to us still it is possible to

solva in the literal fCzm; 4-- zuctnec tajs/pItches analcgous

probl3as we will solve cumA;!c.LI1 . irom (9.7) w-3 have

X=In 2 -2Z, +2x,; xj= 2Z,-In 2

?ram expression (9. 8) ." rcL~w rh at Zq>In 2/2.-0. 34 7 the

2Z -1n2 (A

:~er I n - axi'=7 reaches at 'te left end of' the 3e7-T-ent:

XI(Z 4) = 0.

cc.~,n-dtiona cpti-iun contrcl on the fifth *ee/oitch i3
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I 0 npH Z, / In

i9. 1O)
4' )= 2Z.-In2 n n2

I 3 P"

K~y: (1). with.

"et us find ccnditiona.L *mam aca33e in the fifth year. It is

equal to
w~tx,)= = - r Z(+) .- -'(,1

W +Z. (9=1 )

or, sabstituting (9. 10) in j. 1)j,

(11 _ In2
I - e - 2z  npsi Z 4 "--.

,i ( o Z, I 2 in 9.12

Key: (1). with.

Since for us it is nec. saij waay tiaes to compute value W,, it

will ie convenient tc ccnsz#cz r 4Cph depending on Z, (Fig. 9.6).

Page 7L4.

On tht same graph (but cn osez .;Ljj Iat us depict the dependence

cf coaditional c timum ccntzwi a-4. tha ifth step/Fitch x*$ cn Z,.

With the construction of tar.a ru gcadhs are finished our all
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matters, connected with the .Irtn -tiAp/pitch. Subsequently,

optimizing control at tk.e r ra ,tee/p1tch, we will cnly enter into

thesa graphs with different wdluu,4 Oi Z44

de pass to the fourth se'/e&tca. Taa task of its conditicnal

optimization we will sc¢ve naoe~allj, noing assigned the series/row

cf values Z3 (supply cf the &esu~.~es. watch remained after tle third

step,/?itch). In crder rct to ,ac ax ass work, let us explain, within

what limits can be founc Zj. Let. b iaad the largast cf possible of

valaza Z3 . It will be achiiv.a/ 4chjd, 1i at the first three

steps/pitches all resotrces de u iajedded in branch I; in this

case ahe supply cf resctrcws arce.61 tarie years will be .qual to

Z3 , = Z, • 0.75 . 844.

The s.allest supply cf zesou,.cae &rcwpoads tc tae case when all

rasources at three first sres/ h are imbeddad in branch I:

Zm,= ZO 0.33=-0.054.
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Fig. 4.6.

Page 75.

rhus, all pcssible vaiums i. Qr anciuded in the secticn from

0.054 to C.844. Let us assai . L ,A cticn reference values of Z3 :

Z3 =0.1; 0.2; 0.3; 0.4; 0.5; 06; 0.7; 0.8 (9.13)

and for each of the. let us . nIioaal cptiauu control cn the

Lith s-ep/pitch x*4(Z 3 ) and cwnuA.L nal maximus incoxe at two

lattr/last steps/pitcles W*,.5j dj). For this let us ccnstruct the

seriaj of the curves. whicn p rize W4,s at two latter/last

steps/pitches (during ary cc..rc.& 4n t.Ae fourth and with the optimum

-on the fifth):
W4,5 =Tw4 (7-3. X4) 4+

+ W'(0.75X4+
+ 0.3 (Zj -X),
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wherg

W, (Z3 , -4)-
- 2 - [e-,-+ e-IZ,-I..

and W*s we find through thQ en,/curva Fig. 9.6. input into it with

argumnnt Z4=O. 7 5 x4+O. 34Z3-xW . ia curves of de~endence W45 cn x,

(wita the given one Z3 ) are ,ezfontea in Fig. 9.7. For each of

thesa curves let us find Fo.,.,t w .. , a atiximum ordinate and will

mark jy its small circle. Th. ou&aca oi this Foint for that

corresponding tc the curve /, is tuniitional gaximum prize at two

lattar/last steps/pitctas ,i(Z 3)& s acissa - conditional o~tium

contril x*,(Z 3) . After detbrLau taase values for each value from

(9. 13) , let us construct tnh jak/d g raas of dependences W4 ,(Z,) and

CI(Z3) (Fig. S.8)

3y the ccustructicn 0 u bm t.Wo Curves bo firished our

calculations with twc latrbroLaar htas/pitches: all information

about then is already ircluu~ u 4uf tio curves of Fig. 9.8.
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1.4

1.0 3Zj-0,6
, .o - z -us
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0,5,
as. _
04 Oz0,
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0. 
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01 53 0.0 0.4 7,5 )6 02J Z

Fig. J. 7.

Page 76.

ds pass to the third /rh.e region of th- possible

values Z2 lies/rests -twerea *,. 4 ja=J. 18 and 2-C. 752=1. 12. We ar-

assigaed in this intervai Dy tue -4ri.s/row of reference values Z2 :

Z,=0.3; 0.5; 0.7; 0,9; 1.1

and far each of these values i. , ..i compute irccme cn the third

step/gitch depending cr ccnr. c± xj ac this step/pitch according to

the f3rmula w1(Z2. x,---- 2 -1e-" + e-Z',- f,.l.
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Then Let us adjoin tc it tan 4&4ay ottiaized income at fourth and

fifth steps/pitches w'. Z,). *,Ica s s wi.Li determine cn the graph/curve

Fig. J.8, entering it bita .,e va.ue

Z4 = 0.75x + 0.3 (/2 - x1).

and v3 will ottain the val-u

for waich let us again ccnszjcz .ne graph/diagrams of dependence cn

x3 with that fixed/reccrieu 22 Iiv . Fcr each of these curves

let us again find the saximum tA tha iiqure it is noted by small

circli) and after this bill ; a.sbbcIc .. a dependence cf tne

conditional optimum ccntLc.L ,t za. taizd step/pitch x*3 and of the

corresponding tc conditica Axzadw ia*ome at three latter/last

steps/pitches 0**.1.. cE ZZ hfLV. V.10).
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Page 17.

0 .

Z, 02

2 J' 4. 2 25 -j 2 2 2 2 J 2J, 25 2 . 9 2

Fig. 4. . Fi g. 9. 10.

Page 78.

Analogously is sclvea r . s4jla oi the ccnditicaal

optimization of the soccnd s~da/&orca: dre varied values Zt from

2o0.3=0.6 to 2e0. 1- 1. :

Z,=0.6; 0.9: 1.2; 1.5.

lacoma at the seccnd st /ji& .L I

W , (ZI. x -- 2 - e'+ , z-'l
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To it is adjoined the ccndk..c-4,. Ad.aua inccme W*.. 5S on the

,raph/curve Fig. 9.10 bitn ;.A Leut

Z, = 0.75.x2 + 0.3 (Z, - xl);

it is obtained value w. 4 . .o.& acca ayq.n they are constructed

qraphs (Fig. 9.11). Cn Eaca ,vu is licated the maximum and are

constructed two curves: x*,L(2 ct d*z-,-4-s(Z1) (Fig. 9.12).

Lt remain-d to Flan c~a L"r. stap/jitch. This - already iore

eisy ?roblem, since value &o, wita waich we tegin this step/pitch, it

is aczurataly known (Zo=2) a..4 .1 jus not be varied. Therefore for

the fir3t step/pitch is ccLs4Acrwu >aly one curve dependence W,2. 3.4.5

cn x, (Fig. 9.13), where

X 0 -. - e z , . ,_

2 Z.

and Litter/last term is Loc4aEf t-AoAia tne graph/curve Fig. 9.12

with Z, = 075 =- 03 (Zj- x)

whera Zo=2.

Jetermining in the uniiii cuLva of Fig. 9. 13 maximum, we find

(ac Linger conditional) cptkua 4-o.toi on the first step/pitch

Xe=1.6 and correspcrdirg aa.i.Aaaome in all five years

'N IV 1, . 3.4. s 5.
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Page 79.

- Z- " (w

47,

Fig ,. 11. Fig. 9. 1i.

Page 30.

After this, as always " za. waee d of dynamic programming, it

is necessary to ccnstruct crwEtzzw optimum ccrtzcl

X , = (X;. X:. .; . . * ).

goinj in the oppcsite dlreCt...c. .OM ze first step/pitch toward the

fifth.
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,<nowing optimum ccrtr, c, -. ;st step/pitch

1[- .60.

wg fiad the correspcnding uv 1, 4,p.L or rescurces toward the end of

the first step/pitch:

Z = 0 7 5 x+ 0.3 (- 1.32.

Entering with this value oz Z, 9rpn x*2 (Z) (see Fig. 9. 12), wq

find iptimum control cn tn* ,bctau szp/pitch:

x" = 1,02.

The ramainder/residue cl rcsiz.;,., tward the end of the seccnd

step/ditch will te

Z; = 0.75x; + 0.3 (Z7 - x) == 0.86.

with ihis val'a ct Z % -r jraph x*j(Z,) (cm Fig. 1.10) and

find aptixum control cn the niiu ,tap/pirch:

x3 = 0.62.

The ramainder/residue Ct res u&z aftec the third step/pitch will be

Z* =0.75x* 3 0.3(7z-x*$)=* .3 '. , u h tna graph/curve Fig. S. 8 we

find optimum contrcl cn the oua stap/pitch

x = 0.30.

After the fourth step/pitcu -.no oaander/residue is equal tc
Z, -- ..75 4 -0.3 (Z* - ,) 0.70.

With ;his value of Z4 we eutu. 4 riph x*s(Z,) (see Fig. 9.6) and

find )ptimum control cn thi s.d.u/J4s4 step/Fitch

X-
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71 L / 5 0

Fig. J.13.

END SdCTICH.
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rage }1.

Thus, planning/gliding ue. i completed. is found the

cptimum ccntrcl, which .adic&t , cac :Aany rescurces frcm the

available supply Z0 =2 it is .sEcbiry to pack into branch I over the

years:

X*=(.60; 1,02; 0.G2; 0.30: 0).

"faking into account tad. t/ad sutpifs of the rescurces before

beginaing each year are KnovI:

Z,=2; z=1.32; Z,=0.86; 23=0..54; Z=0-30.

wa automatically cbtain qua ,i.t.&d. of casources, packed over the

years into branch II:

y, = Z,*- ==0.40; y=Z-.; =o.30;

:,;=z;-x;--0. 2 4; y,=Z; -xf=0.24;

y; = Z'- x; --- o.3o.

rhi s, it is possible tc toLaAate the fcllcwing recommendations

ragarling the optimum distI"ut&L- ot rdsources. Frcm the available

in the beginning period of r e sroLly o resources Z0 =2 and remaining

resources at the end ot eaca yaa . t .-s necessary tc pack over the

years in branch the I aid II to.",wiag sums:



roA 1-4i 2-4 3-A 4-i 5-A
1 1,60 1,0"? 0,62 0,30 0

II 0,40 030 0.24 0,24 0,30

Juring this planning/j diav will ae obtained maximal return in

5 yeas, the equal tc

Oa3ainder/residue of resource.s a tha oau of the pericd will te equal

to
0.3 -0,30 = 0.09.

Fig. 3.14 depicts the o.t.L ua trajectory in the phase space,

which correspcnds to thi - ot rescurces. Point S* o on the

hypotenuse of triangle AO L.pr%-Lts tats optimum initial

distribution of resources wiu . shark; predcinance tc the side of

branch 1. The first ccajcneLAu/L , of oroken line corresponds to the

expenditure of rescurces iu uaa L.&iSt year.

Page d2.

The following component-/la~Ls aim joir, d they paer-wise and

represent redistributict a.au of roscurces on the 2nd,

3rd, 4th and 5th years. Latt.r/. ciapo'ent/link lies/rests on axis

Cy; this ieans that on the 5La f 4 Lf eroducticn procass all

resources are packed irtc bo Aca I t. P S:,, tepresents the

remainder/residue of resourc.s w ,hich is obtained during the

cptimum planning/gliding.
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Key: (1). year.
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. 10. Modificaticns cf tke t~sK auour ;na distributicn of

resources/lif et imes.

the examined in tbc pzeviLus paragraphs task about tte

distribution cf resources/.ata4. nas many modifications. Scme of

them comparatively differ i.zL zza ; simplest task, examinad

into j 8: others so difter r.cm i ia their verbal/literary setting,

which is sometimes difficuit to aicavr .n them general/ccmmon/total

features. In this paracrapr. r a tAoa tollcwing (§§ 11.12) we will

consilsr the series/row of "a vos..nz of similar tasks.

a. Distribution of resoca../.&izaJ.Laas in batarogeneous stages.

In tha task § 8 stages (stb/.anes) dre "cniforf" in the sense

that resources x and y, itane.eu cseaztively in branch I and II, in

any scage gave one and the sa L.;oae and were reduced in an

identical way indepemdert oz rnz "umoer of stage.

Page 33.

rhe natural generalizat..ca j. tais simplest task is the case

when income and loss/dejreciati(a tt rssources in differeat stages

are dissimilar: resources x, j, &eAde in branch I and 11, give on

the i-th income fi(x). q,(y) aAu tnea 4ra reauced tc 'pi(x)<x. <x,(y) <y.
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Aow can arise this het. wustj? 3 y different methods. For

example, profitableness can A-a".A oa r.e ccmmcn level of the

development of producticn, 4,n.Lwvtu/reachad tc the defined period; or

the conditicn of Froductica kdb, &=t Lis say, in the agriculture) they

can 4dpend on season.

For the solution ct t.L ;rc..a nn at uistributing the

resoucces/lifetimes by the m ,,,,. s.f djramic Frogramminq this

circumstance - unifcraity cz a t.,Lgaaaity stage- is cozpletely

unessantial. Since the jrouAwm 4z tha iptimization of control

nevertheless is sclved in .i , it is comuletely unimortant, are

identical functicns f,(x). g,(Y). p(). (Y) .n the different stages or they

are different.

rhe overall diagram or nw su;iaa is reduced tc the

consecutive use/application ,r ra. fol.Lowng fcrmuias for the

conditional optimum inccoe L, svv. aL latter/last stages:
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W.(Z.,)= max If (x.)+g.(Z., -. )l:

I <

W:,n",,,(Z._= --- max {f._ i(xm_ n)+-

+ g,,_, (z,_ - x,_,) ± W, (,_, (xT,)

+ i,,,,-, (Z_ - x
. . . . . . . . . . . . . . . . . . . . . . . . .

W~~~~~~~~I* (ZR -Z ) mx1i(dg(i'.9< .ri .4 Zi _ I
.. + ,. (1. ( x,) + i (Z, -- x) 1

. . . . . . . . . . . . . . . . . . . . . . . . .

with the incidental defir.iijn cLL tha conditicnal optimum controls:

x,,(z,)..x<_(,M 2 ..

After this, as always, is cjus4u;ej ojtzlum ccntrol, beginning frcm

the fir3t stage and ending w. ra rm.A iaw. In this ccnstruction of

thera is no difference bitu . cdbe or aniform stages.

Page 34.

i. Task about redundauc, or z.sau..cus/lifetiaes. Task is placed

as follows. There is only on. aznah oi production and certain supply

cf resources Zo , which can j4.%d -Lazo the production not wholly,

but pirtially be reserved. buial Au. eha Lroduction in the i stage, a

quantity of resources x imarsi. .vo &.ncome f,(.-) and and it is

reduced to -s(.<x. It is nda.5.jgL1 ta cdt.Lonally distribute the

available and remaininc Lesouc r.w .4.n a srages in order to become

maximum aggregate prcfit i.
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Lt is not difficult to ..nat this task is reduced to

previous. Actually/rEally, zia .servez rescutrces can be considered

"imbadded" in certain fact."o.&. "secoa aranch" of producticn, in

which the resources arr. act fx#ud, jut alsc tney dc not give the

inccm 3:

.y)=O; ,( )----y (i= 1. 2.. . ).

Takinj into account this ctnfLzwA pcouiea is sclved in exactly the

same day just as the task cz d. buia& the resources/lifetimes.

rha trajectcry cf pc.Lr i, w.ca ;presents the state of system

ia tha phase space, will ta i,'¢ ;o, ipresentad in lig. 10.1. The

sections Cf the "redistraDu.cM ji rasiarces" will te, as before they

are parallel to line AE, wa.e .m sc.iaas cf the "ccnsuupticn of

resources" - are parallel to tu% .iz if abscissas and are directed

to tha left. The latter/lasr cujuwvieat/lInk of trokon line will

always lie/rest on the axi vt aic s, since further redundancy of

resources a sense does ct uv.

Let us consider a SPW.i C. Jf tae task about the radundancy

when in all stages

i.e. the imbedded IEoUce" Q.r.. ed.l /consumed by pillar. Then the
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task if the redundancy cf L"ji,;w Ls r*educed to finding of the

saxim~m cf the fc11owiiS fua4.r.LSA., a at ajtieGcte:

X~ (10.2)

xj>- 0. (10.3)
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Fig. 10. .

Fage d5.

If we income f-(x) (as this assume) is the ncndacreasing

function cf the imtddd ruz i, cain the sign of equality in

formuia (10.2) can be re3ecr /LAaL.a, sance under these conditions

to expend/consume not all Laou.ab, bit only their part is

disadvantageous.

rhe trajectory cf joiz S iia Lha ?adse space will appear, as

shown in Fig. 10.2 - each aoizcoAral scicn reaches the axis of

crdinates.

Let us do scme cbsrvat..on4 ,uoAt tae methcd cf the solution of

probl.im. Above we saw that s~a wo r1educed to the aetermination of
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the maximum of functicr (10. i). r ca saeem that thereby the task is

simplified, according tc tu." i s ia 2lluscry. Indeed generally

the task cf finding the EaAIMAUI 01 tao functicn of many arguments is

rot an easy one. Let u- recaA.1 1 % 1) that any task cf optimum

control is always reduced ro i "&g t.Aa aaximus (minimum) of the

fanction cf many arguffents, nau eC.5cisi1.j in crder to avoid the

connacted arguments, and p in r)der tc avoid connected with

this difficulties, we resor cj ra. aeaod of dynamic programming.

After giving here formula (16.1), ie did not intend to facilitate the

task if dynamic prograsmin,, dzLwc raducing it to the task of the

deterainaticn of the maximum cz u"czioa (10. ). On the cont:rary, for

the solution of the Erctlem vt uai datarminaticn ot tha maximum

(minimum) of function ct tir. k1O. 1) w~.tn conditions (10.2) and

(10.3) (wherever this tasr. at r a sa , can prove tc be most

adequate/approaching Freci, ru mat.Lod of dyramic prcgramming. By

the use/applicaticn cf this wa"ou in cnis case we bring the

rultidimensional task ct fanas. e maximum cf the function cf many

variaili/alternating tc the .eesar.d datermination cf the maximum of

the functicn of cne variabe/"t=,Liiatiag, which is considerably

easiar.
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Sz3

Fig. 10.2.

Page 36.

Let us note, however, " sa. -ae s.apiest cases of the task of

zhe r3dundancy of resccrce4 ai. a tL narary cluticn, also, without

the use/application cf a Ib..ou oL dja4a.ic prcgraaming. To them

belonjs, for example, simpiest Lac. dain the "function cf inccme" in

all stages is one and tte sime;

f I (X) = f2 (-C) = . .fl- ( f I()

moreover resources in each Said .,e ea enled/ccnsuied completely:
?,( X = c) . . . ,( X) -= 0.

it is possible to demcrstrzro '.h ii -,acticr f(x) - functicn

ionotonically increasirg auu ii cL,,vax upward (Fig. 10.3), then the

maxiium of expressicn (10.1) i  cu~ s, jaan resources are divided into

eiual parts between all sta.oa
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.Task about the distz-ou"4., af tii reEources/litetimes

Letwean several (mcre tean L, r-wos brdacnas. The task about the

distribution cf resources/.i .iw. il.uows/assur3s general~ization tc

the cas-3 when rescurces arc uiai.&auuted not between two, aut tetween

k traaches:

moreover for each (j-th) bra.Aca Lucy aca pireset: tne "functicn of

i ncc~u&"
flh (X).

expressing the inccrue, g1v~i L3 a~ .1inity cf resources x, imtedded

in th3 j-th branch at tte i r'/.it ;a, inld the "furcticn of

expenditure"

showing, to which value aa.~ 4uInt~ItY cf rescurces x, i2bedded

in tha3 j-th branch at tte A.Qr . t:h
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Fig. 10.3.

Page 87.

Let us ccnstruct fcr Lans pads space. In the case cf

distributing the rescurces w-cau" t- two branches such phase space

wis triangle AOB (see Fig. o. 1, 0.4, cL.) . Fcr the case of several

brancaes it is pcssitle as r.-e e"Q.e sLaca to ccnsider the

multilimensional generalzei-ca oL tldnigle (which is ccnventionally

desigaated as "simplex"), aawe~j tae puint set cf k- graduated space,

which satisfy the corditicub:

x",;Z; '< Z" 1
(10.4)(j = . H ..... (k,)))I

In the case of the space oz #fazw weisurements (which corresFcnds to

the dstribution of rescur.e iccd.Ln to three branches) simplex

will ;ake the form of tetratasdcou ABJ (F.g. 10.4)wvose three
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edges/fins, that converSe ai t. abtinaing cf ccordinates, are equal

to Zo . The process of distLu..iuaj tae resources, as in the

two-dim'nsional case, it c~a Le uivilil into the coopcaents/links,

which correspond to the "r ~s.utIn ot resources" and to the

"expenditure of resources", .czrcvzr on tae first ccmponents/links

point S moves cn the plane. dzd..Lal AiC, and c. the second it moves,

receiing from plane ABC into tai uapca ot simrlex.

14

Fiq. 10.4.
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§ 11. Task about the distr iatiou Qf rasources/lifetimes with the

enclazurp of inccmes intc tn. eao-Acrijn.

intil now, in all tas&s GAdAlAhd4 J ±ut the distribution cf

resources/lifetimes we Eiameu tat= "liacome", yialded by production,

ccmplitely independent ct zaz .A-.r.Aiauted basic means (it even could

be ex3ressed in other unlit, to. amee zesourcas/lifetimes - in the

man-hours, and income - in a.e uues or in the meters of fabric).

Eage 88.

En this paragraph we wiLi co..ilac tnat casa when income can (in

fi ll or in part) be packed l. tab producticn together with the

basic means. For this it goti wawut aiaing the income and basic

means must be given to cne eui~va.ant jior example, to the money).

Depending on situatioa, La~s casf can be placed differently, with

the different criteria W. far *aw4ld, it is Fcssible zc pack into

the production entire iaccme or i. jniy certain of fraction/portion.

It is possible tc seek suca #¢ * witcti ensures maximum total net

incom* from m stages. It ib -oie to seek such ccntrcl which

convarts into the maximum ta. ot u a ot resourcas (switching on

inccm3 and preserved taszc a.aMa) af, a stages. Are possible other
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formulations of the prcLiea. £ia ae w.11 show the diajram of the

solution by the method ci tan aju.wiz grogramming of several simplest

tasks of such type.

a. Let us consider ca waoa .nzoie is packed into production

complitely, morecver is za .jaihizu 6ua if all :eans (basic means plus

iaccm3) after m stage.

in this case criterioa W L tue sum of all resources, which were

preserved in both tranctes a4.tc. rue s stage, plus the income, given

by both branches in this sTa,,e.

rho criterion a ir iu~s .&. i ptcial case of the additive

critirion: it entire is acj.u.r &4 zua last stage, i.e., V==. and

in all previous stages its icxef s -,0 are equal tc zero.

iince all resources (a..aA QLa eaginier/residue of Lases, and

inccma) are packed intc thd .roaucrion and are ccnsidered in

criterion W on the equal b4sus/Lo5s. zhen to us to unnecessarily

h-ire ouild-in separately tae 'u£actions of inccme" !,(7). Q ,) and the

"functions of erpenditrre" ;. in-i is sufficient tc intrcduce

two fanctions

lwi). m r r es i b )

showing, hcw many resources {rdm4a.dsr/r -sidue cf oases plus income)
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• - will have at the end or t.a a..aye, after putting in the

b3ginaing of this stage a 4"az.&, o resources x into the first

branca and u the seccndly. L u aae functicns I- / .ih v) -the

"functions of a change in tn. z.uurzi"' in the i stage. Let us note

that is possible any cf tn e4ca&s hips/ratios:

F:, .I : F, X) = - (x) -.

(it is analogous for o(y)).

Page 39.

let us considar ti.e pnaa 4v4e, hach ccrresponds to this task

(Fig. 11.1). Such space wii.L ou 44 lon4er triangle AOB (as in the

tasks without the enclcsuri &a. um j . out entire first quadrant

xry (resources can nct calj L.e &*ucad, but also increase).

Traject3ry as before ccnsisz;i oz tue stries/rcw of ccmpcnents/links;

to each stage (except tke iiAst curresponds the pair of the

compoaents/links: the firsi - ',a,.asrributicn of resources", when

Foint S is moved in parallel AS; &"e sacond - "expenditure and the

acquisition of resources", a=..a whica joint S caL move in any

direction. In ccntrast tc a '.v.ous examples, here obtaining the

"final income" of V is CCLAo ..tWzU Uhlj dith cne, latter itself,

com~oaent/link m2, which i, Fill. 11.1 s isclated with heavy arrow.

Ln this case the value wt ci~erin 4 is directly evident on the
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drawiag - this is the sua ozL ac*.sa and ordinate cf pcint S.M.

corr3sponding to fiaal state si-i. Ti aus, the task of optimum

control can be formulated scz. 4 o.lacz tais trajectory of.pcint in

the paase space in order to ue ac ic as a result of the a step/pitch

for straight line tI- . I .L AB aad distant behin:i the origin of

coordinates so far, as -ccn Qs di. alil De Fcssibly. The value of

criterion W is represented a.-. cua egmant, intercepted/detac.ed for

each af the axes of straiga-u i; . I ..,,,

Let us construct tle aaira ;f ti*e soluticn of this prcblem by

the method of dynamic pzcgraw.m.A dirhout the ccmprehensive

varbal/literary explanatios, -s';zu ;aj eatity of method is

sifficiently clear frcm prow-ous. auiag functicn 17Jx. , y) thus far

we will superimpose z.c
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WAS

Fig. 11.1.

Paga JO.

1. We fix/record issua ka-I)-vh aceli/pitch (preserved rescource

.1us jnccmp) /Z,. CcnditicnL.L oL,"mim control ~~..)- that with

which will be maximu, a to.4. -jatiry of rescurces (tasic means of

plus return), after thf m st%/.1.ch

But, taking into acccant fozbu.a (11.1) , it is possible to write

To Z 1 F. (jm) + G. (Z._ - X").

Zonditional optimut ctan.o.. u ia stap/pitch w~/~. ill be

iccatad frcm conditicn

0 inx tx)G,(M~ .(13
0

4m ,",,- I
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2. We fix/record issue im-wJ -ti step/pitch Z,, 2. Ccnditional

cptimam ccntrol xi&w(Z,._.) i .oU Lrja tna cccdition'

v.~ ,,Z~. 2) = max 1,U(F._ 1 (X) ±

+Gm- (Z, 2 -x, (I 1.4)

and si forth.

J. we fix/record Z ". ""oaL Jptmum ccntrCl x(Z_) is

founl frcm the ccnditicn

,V, (Z .i

and so forth.

4. OFtimum ccntrcl at r...r. o6Lp/piach x*j and maximum value of

prizi W are found frcu ccni).i.
, ' ". .... = ,. x [ ' ... (F, (x 1)+ 0, (Z,,- .x )

5. Issue of the fitrz ae/r&ca during the cptimum control:

Z"= r, (X") + C3 Z - x)

optimum control at the adfa4 srep/ptch:

Zssue of the second saiz/a ia the cptimuu of the ccntrols:
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and s, forth to the lattir/sr swp/ptca.

Page J1.

Is such the diagram cx ;a. sucan af protlem by the method of

dynamic programming witt ai1 fosa of tae f uncticn of a change in

rasources F,(x). Gi(y). HcbeveL, itwo oa zhwse functions superimpose

some (very natural) limsiatwns, ais aiagram can be highly

simplified.

Let us assume that al. uAcv.tns

F,(x). 0j (y) (i= .. m)

are tae nondecreasing funcit.Av o. tadir arguments (i.e. that with an

increase in the quantitj ox m*-s=Ad zasources the sum cf inccme and

remaining resources toward tje vuu oi the stage it cannot decrease).

Let us show that under tebe coaditions the maximum prize at the

latt3r/last step/pitch is noiacx.as2nr fncticn from the issue of

each step/pitch (sum of roorcin.* in as end/lead).

(et us consider maximum priz. waaa the sum cf resources

(remainder/residue plus incue) aG the end (i-i) -th stage is equal
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to Zi- Since prize is acqui."d s.", 6ba tne latter/last stage, the

navertheless, to exatire tani c oc eatire Frocess, either only

for tae latter/last sta~e, o ruz LIi sta~es, begilnfing from the

i-th. Let us snlect tke latt.z: w. wili examine maximum pzize for all

stages, beginning frcm tha i -ra - fua.tion ftcm Zj-, designating it,

as al tays

Let us demonstrate that this f~u.,.oa aot decreasing. Proof we will

conduct by full/tctal/ccmAwe ,aacnion, but nct ftcm i to t---1 . as

this is done usually, tut La tfna ;(nrary, frcm i+I tc i (in

accoriance with the "reverse" csuue oi tie process cf dynamic

Frogrdaming).

i.st us assume that tnw cjvf pcoper.y is correct for i+I, i.e.,

the fanction
;+ ..... (Zd)

is the nondecraasing furctioa ji. .Ts acguaent 7, (this it means: the

greater the resources, -witc1av La incoae and tasic means, it was

preserved to the issue ct taw i s.p/pLtcn, tie greater there will be

the income at the end). Let us Awiauntrate that then by nondecreasing

function it will be and

Page J2.
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Actually/really, acccrding tv LrLjuji (1.5). W;.,., .(ZJ- 1 is the

maximua of the expressicn

Let us show that exFrz.ioa 1ll.b) is nor.decreasing function

/ then it will be it is crzac &aaz as its maximum value

...... ,,z_i) with increase /i- ,Acddse canrct.

Let us fix scme value Z,_. lot f.r this value /.-t expression

(11.6) reach maximum inx. eja~l t l 'K.....Z,_i) during the

specific control (distrbutca or Lesourcas) x-. Let us give now to

value Z., certain pcsitiv4 .a:c6e Z. *as tcrmed certain surpluis

cf resources, which we can u.-s.#t aetween branches I and II,

after increasing a quantity it esourcas, imbedded either in cne or

in another branch, or irto t"*a. au aaotnar immediately. Since

function F,(x). G, (Y) nct decr & ,j tae from this "addition" of

resourcss each of the ccmonwa/tras/addends under the sign of

function (11.6) can crl) o .nwabeI; ni means, and their sum can

cnly oe increased, but rct s&,a 6s Ias.

4hat in this case bilL ha wazh fuzact.on (11.6) ? According to

assumption these are - ±unz..ca io; Lt means, and with increase /,

it be raduced cannot. 1hus, ri..ion r)m i#1 to i is proved.
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Let us show now that ou" i4ercj is ccrrect fcr i+1=m, i.e.,

for tae latter/last stE./'pti... I'-is 14 proven very simply. Prize at

the latter/last step/pitch u4ci±u the aptimum ccntrcl is the maximum

of tha expression

and, naturally, to eat nua z cticn from 1.-i (this

recently it was shown fcr an, vi i i, and also, therefore, for

i=m). Thus, \w.,7..- is ncncae.rda~uq facticn /,-t. and means,

according to the principle o.. gu.I/toral/ccspleta induction, and any

of tha prizes . , _- auaczeasiag functicr, QED.

Page 43.

From that proved escae/a Aid vari simple raccmmendaticns

ragarding the optimum ccntro.&. &cuaILj/rsally, if final prize w,, is

nondecreasing functicn from 4.ae Lotal sum of resources, realized on

the issue of each step/l1tca, -,a" optimum ccntrol lies in the fact

that on the issue of each jtm/ j.an individually tc cbtain the

maximum value of this sLm oz ri.-uLcas.

This means that in this sac.l case the "interests" of

cperaiin as a whcle cCIncla. a tao "liaterests" of each single

step/pitch. Ihe raticnal pa aiA/laiWaq of entire operation is

reduced to optimize each stee/j.d.a iadividually, without worrying
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about the others.

lrhis special feattLe/i.u.a.&; .t leads to the fact that the

procass of producing the opt.j.ui conarol strcrgly is simplified.

Actually/raally, greater tne e 4 io necessity to fix/record the

rasults cf each pr3vious taiu u to draw entire chain/network

cf conditional optimum ccntrls Luo raa latter/last step/pitch

towarl the first. It iS Jo0Sn.Da cu airectly cptimize step by step

from the beginning toward ta wru. Az, the first step/pitch tc take

such control x1 =x*t, dcrinj i as converted into the maximum the

sum of resources Z1 :
Z*,= max .Ft(x,)+(Zo-Xt)I;

o <X < Z,

cn tha second - the cortrc ai2 =x*,, iaring which it is ccnverted into

waxim-Im ZZ:
Z;= Max 1F2 (X2)+G 2(Zx 1 ))

0 <;.r2.<; Z,

and so forth to the end/lead.

Thus, with nondecreazia, u",;uins F,(X)- C,(y) stated by us

problam of the exterior cn .y ta&wa tma torm of task of dynamic

programming, and actually - Lt A. &uza simpler it.

Similar "degenerate" tdas oa tao dynamic programming where the

cptimum ccntrol lies il the AaC, 6aa to optisize each etnane,
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without worrying about the Othe.L4, fcejueatly they are encountered in

practice. If, without haviag £ou.,d atteaticn cn this special

feature/peculiarity, tc sc.vu za~a navartheless by the method of

dynamic programming, the soiutwza it goes without saying will be

obtained accurate, but wi. e easy tiiies tore time, than it is

necessary.

Page 44.

Let us do one additional u~ivit.on. At first glance it can

sqem that the superimpcsed ar juaclca F(x.), G,(Y) ccnditicn - so

that they would be ncndimiLiniL - Ls sazisfied in all in practice

conceivable cases. However, At ..s osaibla to give the practical

tasks, in which it is rct iarimtau. Let us ccnsider, for example,

the case, when one of tte "o.aznaws" oi producticn is storage of the

parisaable goods (vegetables) on .ze storage. This tranch yields cnly

the lasses, ccnnected %ith tAe A&,es of 4ccde during their storage.

Let us designate F,()<x tnc va~.a ot commodities, bhich were being

stocked, at the end cf the L-tz £,6gd, it in the beginning of stage

it was x. Always whethe tni." £ 4ucia wiil be monotona? No, not

always. It is possible to via. sucn situation when with the

overload of storage cf ocre Lhia ;brtain critical valui function F(x)

begins to decrease (for exameia, Aue to deterioration in storage

conditions). In similar casa ii .ecassari to solve protlem tle
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cverall diagram of dynaic eog1m1aiag as this was shown above.

a. Let us consider case wa-da into praducticn as bafore is packed

';atira income, but criterion a .a uec iacome in m stacg. (preserved

tasic means are not ccriacez O).

wet he preset to the ",,act.&oL. f inccme" f,(x), 1 (y) and tc the

"function of expenditurE" ?( yy) for each stage (S=1, ... , m).

i.et us show that it fuun.Lt. L.(x). g5.(Y) - the "function cf

iaccma" in the latter/last a - not decreasing, then task is

reduced to examined in jcin./i-*u A, admeiy tc the maximizaticn of

total prize (remaining resou.c6 ,.us iacome) afterward (m-1) -th

stage. Actually/really, cc u. nL.L iaxLmum prize at the latter/last

step/pitch will be

" Z.o ,. _j 0 ---- ,max {!,(x)--g,(Z.l--x,). (11.7)
0 <X rn .Zm_

It is possible tc dQOC =bZar. (aaa.o1ously how it was dcre in

point/item a)that fur cticn W,,(7m) is the ncndecreasing function of

its argument, and its mai±inda r.ca,-es aaea Z._t it reaches its

maximum value. Thus, fcz tnv d=r. iaatioa cf optimum ccntrol is

sufficient to solve task "al tjii rst m-1 steps/pitches with the

functions of a change in tna ra(uzcas
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Gf (y) = i (Y) + h (Y)

and taen to separately ilna iaq zcatrl on the m step/pitch, on

the b4asis of forrula (11.7).

Page 45.

If functions F,(x). ,(Y)(-= 1-.  -I) will also te aondecreasing.

then task, as in the Freceu."g ca4, it dill Frcve to te degenerate.

if functions /.(x). g,(y) Rz kr le~aaecreasing, then reducing to

task "a" becomes already im-a and, is necessary tc rescrt to

the averall diagram cf cynac..C :yr3JiLa. Tc reader one shculd as

the useful exercise sketch t.is uagcaa.

a. Let us ccnsider casa wa4-.A "ncom,, obtainad in each stage, is

packed into producticn rct "sjE.wWt*1j, but Fartially, mcreover is

maximized full/total/ccaeplt. ao Ancoae in all stages Flus

rtmai.dar/residue of resouzcus aziear a stage.

In this task, as ir ti- ozu...arj tasf the Jistributions cf

resoucces/lifetimes, orust ve FzwswL to tha "function of income"
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f,(x). g, (y) (I= 1. 2 . . m)

and tae "function of exFenairuLa',
1p,(y) < x; ,(y) y ( 1~. 2....a)

urthermore, must te jaasec rc Ca "functicn of enclosure"

R, (0 < ( --I= . .. .. M -1).

thosa showing, what part or Ancowi ". aotained in the i stage, is

pack-i into the prcducticn c, ci. Lolilwing, (il) -th, stage.

As tha phase space let 4s c lae no lcnqer first quadrant xCy

cf plane, but first cctanz xOyZ oz 4.arae-dimensional space (fig.

11.21. Along the axes Cx aLru G aa bafore are plott4d/deposited the

resources, which are iccatu ia "anzhas L and I; alcng the axis Oz

- totil inccme, yislded nX uwA un;Ls. Regicn 5 o of the initial

states of system - as LEfoLu njeIbfnAsa AB cf triangle AOB in plane

xOy. All stages, except tli i;, are suodivided intc two

compoaents/links: on tle LAzat cuaqoaeat/iick the resources

(presarved in both travches rla cae specific part cf the income of

the previous stage) are reuia~t.u~ute oetween tbe branches; cn the

second component/link ccc~u tau .wpaniiture cf resources and the

acquisition of income. ki,. i1.2 .ows two stages: the first consists

only of one compcnent/lanx, tae atscond - of two.

Page )6.
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,et us consider values --- Y1 - the resources,

which were pressrved in 4tn,,, ane 1 and II tcward the end first

stagg where x 1 , Y, - cccrdi.n4&ta t t oint S. - resources, imbeddad in

branca I and II during tae .£.L .raie; 1-- t.)-t-.(y,) - income,

brougat by both branches aura k iLrst stage. During the first

stage point S, which reres6Ats La4 state cf system, shifts frcm the

initial state S. - pcint ou A.au a n I plane xOy with the cocrdinates

(Xj, yI, 0) - into pcirt K w.1 a -Qae zoardinates

X,= Y (XI) 4 X1.

Z, f (xI) + g, (YI).

Then an the first comFcnent/jia& uz ;econd stage (21) occurs the

enclosure of the part ct t Lacwui zLra the redistribution of the

resources between branches i an. Ai. PjaiA S is moved again to plane

xOy iato Foint M with the ccwra.Laczie (X2, Yz' C), moreover

x, -4- Y, = x + y' ± , (+)

Furthar again goes the expzauri .u of resources and the acquisition

cf Income (compcnent/lirx 22, A U .yaiL redistribution, etc.

Jur task - of deducing pciit b, watch reFresents the state of

systea, cn the plane

x-y- C
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with the highest possible va.,uw oz piarmecer C.

iet us sketch t~e diajrm A. t solution cf problem by the

method of dynamic progzalm.aj.

i.et us note first cf al.L rar. Lf is fixed/racorded issue (i-i)

-th stage, then for the foiIvwia. itas i-th) is essential only the

total sim of the redistiburAw &ajurcas

and taerefore despite tke tart tat caa state of system was

r9Dresented as pcint ir tab .ih.-aeasicnal space, we will vary the

valuas only of cne parameter Z_.
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- I x

Fig. 1 1.2.

Page 47.

"ccatrol" on the i stace (ju.t a -in tite ireviously tasks of

listributing the r'3scurces/"Z .. .. As e a.ned) will cc¢sist cf the

selection of value xi - quaair 4.i. reiources, imbedded in branch I

in the i stage. Prize V for ar.ckza process naturally is

dividid/marked off intc a 4.z tau comoaents/terts/addends:

W= VI,+ W-2+ -- + -,+ .. (11.8)

where -, with i=1, 2, ... , -1 "a tas nt income, not packed into

the production:

and at the m stap/pitch -is a... aeQ inccme from the m step/pitch

Flus che remainder/residue o. 4 &maadded resources:
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Step by ster cptimizati.,a ww wil conduct according to the

standard diagram.

1. We fix/record value Z_,,, teresarved rescurces plus packed

Firt of income), which chaza.t vl"s issue Im-1) -tb cf step/pitch.

conditional optimum ccnto.L x,(Z,) an the m step/pitch will te

locatad from the ccnditicn

W , (Z,._, = ,,,I, T',")
0 <.r M  < Z M  _,

= ,.Ix fI( r) +.qM(Z - -XM)+
J .r, ' Z.,

-- P (x,,) -4- Z,,, ,_, - ,, .

2. Let us fix issue ot (m-2) -ti o step , In order tc find

conditional optimum ccntxc.& va jim-1) -;Ix step x _(z _. necessary to

maximiz3 with the given cno bu_ m W,+.,.: of the follcwing values:

1) thp remaining Inct .bw, La the prcducticn) income at

(M-l) -th step
W ,N -_ = fr -i (x . ,)+ g , . _1  (

7 , _2 - -

2) prize at the latter/.,asa. aeri/p;.tch during the cptimum

control

Pa (Z,,_) = W9 8 (Xri) ± ,,,,._,n-._ - X _ ,) +

Page 98.
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rhus, conditional cjt. .ium ;oArjj on (n- 1) -th the step/pitch is

locatad as the value x,.-1 * at an.Lta L.t ii riached the mnaximum ct value

7m

1. Conditional optimua 4;ou (Zcj) cn the i stage will be

lccatad from the relaticnrL,/r~LL

(Z Max........a(Zi-1),= m-

RP, (J", (xe:) -+- g, - x)) + 1V:~. . ( X,) -+

4. optimum ccntrcl xj au..4. s 3-.ppitch and iaxicum value of

priza W* are found frcm ccnd.L.i.QL

- 1 (/ ,c) -4- g I (Z,1 x) + 4

I , (,V,(x) +jK (Z?-, j 4- R f ().L

5. issue of the first ujii 4.ptiaum ccntrcl
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- 1 (x) N4- v Z )~ ' f x)- (Z" - A:;)

cotimum ccntrol at seccno srWl/r~h-

isua of second step/pitch ar. wpcimau ccntrcl:

and so forth to latter/last -ta/e.tch.

Page 99.

4e reccmmend to reader %.G juupaadintly sketch the diagram of

the solution of the fclcinj .o.eas af distributing the

:sscurcis/lifetimes.

i. To optimize distriuiua uJ cesources according to twc

hrancaes of producticn tnd.r r o.wing conditions: income is packed

into production not ccirllee4.y, wu partially ("function of

enclosure" Rj( ) (=I1 ..... - I) da.a eiesat) ; is naximized total net

incoma for all stages, hitA n into account remaining

resources.

e. To optimize distriuuiiua jz reiources.according to tbc

tranches of producticn under fw"Qwiag coaditicrs: income is packqd

into production not ccirilero.y, s.ca its kncun fraction 21() is
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ramovid in the fczi cf tax; &a.Anj par is Facked into production;

it is maximized total quantL..y u... zesou:cs (asic Flus inccre) after

M stage. There will not o a, af thase tasKS under stUe

conditions for that dec enialra
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12. Other varieties of tai tas& 4f d4stributing the

rescu rces/lifeti mes.

In this paragraph ie wi l ;uai er several tasks of the

different regions cf ptacti"., a.h uaIcag, actually, to the same

category of "tasks fcr the u..sc toa ¢c the resocicas/lifetimes",

but ia which unusual settiny iuiu.&atei dces nct suggest abcut the

familiar diagram. ealculat.n,1 , -aa ha Laader already seized the

princiFles of dynamic Ezcgia.&,uja, 4a iill allcu ourselves with the

soluticn cf these prctlems c,6 eiAg aack frcm standard notation,

after preserving by ccnstanr-/iuv. ail oLly the diagram of the

sol'iticn.

t. Task about weight b- ui~n between steps/stages cf space

vehic-le. One must plan muluv.ev. 4pica vehicle in the limits of the

specific launching weight t. CosAtoautls cabin has Freset weight g

It is assumed that the LCC&fiL . i hiva m of steps/stages.

Page 100.

Launcaing weight of rccket ia cuaeusad ji the weights of all

steps/stages and cabin:
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ILL

where ", - weight of the i zet/Stga.

&ach step/stage has ski.a -uey of cnmbustible. After fuel

depletion used-up stage itr a rI:I and it enters in the

cperaLicn fcllowing.

.dditional velocitj, waL=a =c/uares the rocket for the

operating time of the egyime oz tu step/stage, depends both on the

weight of step/stage itselz Cl(i ea3 aetersining the fuel

raserve)and on the weigat uz tJA4r cargo weich it is necessary to

carry:

, ; f/(0,. P'). (2

whera 
*I..04+ 142 + Gmfl 9g (12.2)

- weijht cf the "passive" . movad ay the i stage of rocket.

It is necessary tc tina auv Ataeous weight distribution

Q"- between m stases o. Lc.t, wita which the velocity after

the 1ischarge/break of all £ues/..ates wil1 te maximum.

rask is similar tc cni r tn. varsions of the task of

distributing the rescurcres/1.1atiaus. iamely - the task of the
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reduniancy of the raEotrcaS &Sao § U, p. b). Actually/really, m of

the scages of rocket it is k co visualize as m of the stagqs

cf the prccess of acceleration. orove each stage we must solve: what

part if being at our dio..& jLt, a ot sper.t, until now, we is

spent to this stage, and wia.a. .i 6=sdrva tor the following. hcwever,

in coiparison with the tasx or tat redundancy cf rescurces, examined

into j 10, this task has cezrxiia se l feature/peculiarity:

function f, which is deteramiin ".ncoae" from ce stage of

accelaration, it depend- nu ca ca4x irjumaent - the "imbedded"

resources, but frcm twc - "*iaoua" aad "reserved". However, this

does not vary the methcd oz .na 4 auion and even it does not

complicate it any suhstantia...Ij.

Let us designate - - w.aiyui, sepdrated to the i-th step/stage

("ccntrol" in the i staye); Q GQ- G+U 2  . )-1 weight, reserved

to thi remaining steps/ztaj.t. Va e Q, is analcgcus to the sum of

rssourcs /. that remains ar oiz &.sposai after the i stage in the

task ibout the redundancy oz re-uu~cas.
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Page 101.

in the new desionatioiis rozmuka (12-1) can be rewritten thus:

AV, = f (I-, Q1 + g)- (12.3)

Phase space, just as in the L ijout tne redurdancy of rescurces,

can bi assigned in the fcrui wt &anjla AOB (Fig. 12.1). in each

staga the trajectcry rfacho tac as oi the crdinates (the

"resources", isolated into tjiE 6te./stdge, ccmpletely are

expn ied/consumed). Then S. Ai/ivsts on line AE, Fcint Smo, - in thk

tiginlii cf coordinates.

.et us begin, as alwais, zio taa latter/last stage. Any weight

Q,,-,. ihich was Freservfd as A z t o the previous stages, should

be it goes without saying LomLcy returned cn m-th step/stage.

Conditional optimum cCntrLc. at "w a s.ep/pitch will te

G, (Q._.) = Q._,-

In this case will i a taa ccaditicnal maxium velocity

iacreaent, which ccrresicnaus tu jea ae -

"V,, (Q, ,- f (,., ,,q,,)

4e fix/record weight Q.-.,. iA. h amcamaaned aftarward (m-2) -th of

staga. It is cbvicus,
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,:onditicnal Cptimuz c(.nLzj.L uL ( - 1) - stage w~(*,, ill be

l,3catad as rotating intc ta6 4A.LD tae sum' cf twc velocity

incre.aents: - ~ achie-vrd/zaacLtu ia (w-1) -th thE stage with

contrl and - iax.i44 "4ce a.. tbe m stage:

- Max If (G, 4. Q C,,~A~

<- MV, -Q~ 2

anid s. on.
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go 2,
2:

Fig. 12.1.

Page 102.

Zonditional optimum cn .o. 4 ta* i step/pitch is found from

the cindition

= ,,.,n/a, .h Q,_,-o+gK)+
+ ,ax ....1_,_ - o,)1.)

After the optimization oi sAe fr;t step/pitch (selecticc of the

weight of first stage G*,) taa j.Due cd of stages, as always, passes

for a second time frcm the ajn-i"g toward the end; as a result is

found the set of the optimum waio£is of the steps/stages:

. ., : , = Q".
iml

the i.mparting to the usetui. azaj./;ae (cabin) waxi.um speed

V AV , .,

1,2.
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b. Distribution cf weuaa oA. dastructicn according to defended

targets. In those tasks dr~i-;nd of the resources/litetimes

which ware encountered to 4s, a.& aow, the resourtes, isolated in

any stage, or gave inccat aua ; to tais were expended (in full or

in part), or they were zeservz , c.sy did not give income, but ware

not expended.

dere we will ccrsider za4 rbculaar task in which the rescurces

are aepended not only in taa saza where they give "income", but

also in those stages where uTij ".a&cing" do nct yield, intensity of

the expenditure cf these r 4.urIus ddpending cn that, was how much

imbeddad in this stage cf tow utly functicning resources.

Discussion deals with the ' iD n of rescurces/lifetimes with

the "autual support". As aa diaak,. we will ccesider the task about

the listribution of the resourc.a of striking the defended targets.

rask is placed witk fo.ownj manaer: is planned/glided the

combat interacticn by the spcizic weapons of destructicn (fcr

example, aircraft, rccket, w.nqeu aissieas) ca some defended targets

(for examFle, ships, tte an".-a.ui~caft guns, etc.). largets are

distributed in depth ir t&6 "e"a of tarritcry cn several parallel

borders of defense (Plc. ld.,}.

Page 103.
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Jefore to leave tc this n gawL. vaapons cf destruction Tass zone

the operations weapons of x.s ao"Aer where they unieorc bctuardaent

from the side of the latter. ieak~os of each torder can conduct

fire/Light not cnly acccrdA.a tj t.ue veajons cf destruction, which

are guided directly fcz taxats oz tais border, but alsc on those

weapons of destructici uhich pa.S througa the zcne cf action, being

direcced to the more distaut taA~ltrs, arranged/located on the

fcllowing borders.

E
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.... .... .... ... . ..

(I) tlmu J-ao pydeo

9 9 9 9 9 9 9 9;

(3) lleeu Z-Zs pyOe.

/ oe icm~iu tmM: re ¢md Z-eo pydso~b /

(q) Ueu -io py&,eM

-///////////, V,=/////////o;;

(()C~MdJT nwop&~ua

Fig. 12.2.

Key: (1). Targets of t1t Ju bo.L. j. (2). Zcn* of action veaFcns of

3rd border. (3). Targets cz .nA oQLdar. (3a). Zone cf action weapons

of 2n1 border. (4). Targets ur. lbr bardemr. (5). Zone of acticn

veapoas of 1st border. (6). V oum of deatruction.

Fage 104.
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The coating of weapons afL u6trictioa is planned/glided as

follows: they are divided "o xne cansacutive "wavs"; the first

wave is directed to the tazgot aL tha 1st bcrder, the second - on the

target of the 2nd border, 4. tam frist wave passes through the zone

of action weapons of tte luz bo.&Qwx, it bears there knobn losses,

after which the remaining wedou of destruction attack the targets

of tha Ist border, as a result 6. which some fracticn/pcrtion of

these targets is surrrised, anu tawir deapcos gc out cf order. Thus,

after the coating cf the fizvt wave ;he lst tcrder cf defense proves

to be partially suppressed. Ah-du watari in the operation the second

wave; it moves through the anaa oz action of the partially suppressed

weapons of the let bcrdez, lsws 4-ue tnere certain ;art of its

composition, then it ecters &nzo tne zone of action weapons of the

2nd border, again loses there caraia part cf its ccmpositic; the

remaining weapons cf destruc-ioa artacx the tarqets cf the 2rd

border, etc.

rha task of planning tA. coa9nL is posed as fcllows:

to distribute the vaM.i.ne.La weapons of destructicn on the waves

so as to turn into the taxa,#a avezase/mean number cf the affected

targets on all borders.
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The posed problem Ly narura &waxads of already familiar us the

task ,f distributing t.e r6suurces/lifatiaes (" rescurces/lifetimes"

are hare veapcns cf destruct;.ca, ,I 9 i n come" - affected targets), but

it differs from it in terms vt rwu special features/peculiarities.

First, the veapcns cf as ,din, isolated for the interaction

cn the targets of cne cr the ct;wz borler, not cnly implement their

Frimal prcblem (strike tazj ,s), aut aLso they prcject/emerge as the

"support" to the fcllcwing w~vq@, zaciitating for them the

overcaming the preliiriary i.rzc oi defense.

in the second place, in ccouzars. zo all thcse it is previously

examined, this task ccntaias tow 4a.Leent of randomness.

Actually/really, an actual zazv" cf affected targets and failing

weapons of destructicn can 1a4ovA to ae tke fact, etc. in the

dependence on the randca facuoz. jroc example, detection range, the

accuracy of shooting, the za".Lea of equipiert, etc.).

Page 105.

rhe tasks of the d)naiA j4&.ojaaang, which contain the random

factors (the so-called "atocuas~r~i" r.iksJ form sFecial class and
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require the special aFpzoaca psea 15, 16). However, in this case we

will .aot use this generai/coamo"/,.otal apprcach, but solve task

approximately with the hbelj %o Yaw sLtsplest method, fraquently used

in the similar cases: we wi" Lid#.gca all figuring in the task random

variaoles (number of attecteu tafta an each bcrdgr, number failing

weapons of destructicn) witan thf." avecage/mean values (mathematical

expectations). This setkcd, anicn strougly siEplifies task, usually

qives ccmparatively small ez cr4 &n tna case vhen a number of the

combat units (targets, heajG.s ox uestructicn), which participate in

the process, is sufficientLy gr~a 1.

FOCTI)TE 1. An example cf ta. t.%, lecided nct according to the

"average/mean" charactearistz6s, &o.r wizh the real account to

randoaness, is given into 9 Ia. uaFOOrNOTE.

rhe solution of starsa rrojaem of distritutinq the weapcns of

distructicn according tc tas deoiued %-argets simpler will ccnsider

based on specific example, a.ter Asigaing the specific form of the

figurinj in it functicral oen n6 ces.

Let be planned/glided cjat.ja n of aircraft on the air defense

wvapoas (the anti-aircraft 9-aj, arcaied/lcated cu a borders (Fig.

12. 3)
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In all on a borders thi".e i. bd 9 of the instruments

N= IV,. (12:4)

where N - number cf instxu&,aL, acranged/iccated on the i'Lorder.

At our disposal tiere aae aj a if the aircraft from which must

be formed with m Of the bava:

where ,1 (i=1, 2, s. 3) - a uauAoer if aircraft, which form part of

the i wave and which have ;m c&,at a*ssion to influence on the

instrimqnts of the i tczder.

It is assumed that the .avww .ra Zormed/shaped and is ottained

the combat missicn previouzsi, " in the process of coating no

lnger they are reccVatruczei. "4; wave flies before those following

with certain prevention/avaAce 4i the time, Eo that up to the

uoment/torque of the a rodc€a uz r e llowing wave manages to

already fulfill its cckat mjss.oa.

Page 105.

defore emerging at the jau" of zae location cf instruments,

each aircraft passes tte zon- cz actica of the instruments of this
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torder where it undergoes DoaiaAfnt irom the side of those

instraments of this tordor wAAca u.v the capability to shoot (i.e.

they are found within reaca Lau ue ta the given momEnt/torque they

are not affected). To attacx tafm ,&strumants, arranged/located on

this 3order, can cnly tbcse a c'tt which hajily passd the zone

cf the operaticn of the inst.ua". of rhis torder and all preceding.
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(g) n caioemoj

Fig. 12.3.

Key: (1). the 4th bcrder, N, or a.tcuaents. (2). ZCne of effect of

instriments of 4th bord4r. (.). & rjorder, N3 cf instruments. (4).

Zone of action of instruament oz )d border. 15). 2nd bcrder. N2 cf

iastraments. (6). 1st czaex, o uz Ln.izruments. (7). Zone of action

cf instruments of 1st t€zdax. 4o). p or aircraft.
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Page 107.

"haracteristics of the .tin.cy of the ccmbat action of

instriments on the aircraft Ard ra aircraft cn the instrumerts

follo ing.

1. Kill probability cz %,a a.&Lcrait, which flies zone of action

of instruments of i torder, As eresabd by fcrmula

V =i= 1 e - 'i, (12.6)

wher - average numar o.. iAu~irzuae.ts, which were preserved by

thosa nonafflicted on tbhis cwrzaf, 'i - coefficient, depending on

efficiency cf shoctirg ct ;. trzuaAts it aircraft.

2. Average number cf n.orf.L aau.ts of i torder, teaten with wave

aircraft, directed alcrc tax;. or ths bccder, is expressed by

formula

Qg=N[I- e N-1. (12.7)

where Nt - number of instuAenut. un i border, -v - average number

of aircraft in i wave, bbiCA bC.w erasarved by those nonafflicted

after passage of zones cf ac=ioa vi instruments of this border and

all previous, Pi - average/weien &lil LrcLability cf cne instrument
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cf border by its attacking axcza~z.

It is necessary tc assign ". compositicn of waves, i..e..

numbers njo n2, ... n,, so 4a s to acome maximum an average nuiber of

affected targets on all b cr a c

i.

where wv - average nuiter o4. auetsd targets cf the i border.

In order to use the a.rou oz dyaaaic prcgramming, it is

necessary to, first cf all, 4aiviaw tae planned/glide prccess into the

steps/pitches (stages) . This dist.Lbution can te made, generally

speaking, by differ3nt setnes; " is important only in the ccurse of

reasoaings clear to visualazu aw uetsAmainaticn of "step/pitch

accepted" and nct to be brou,az uown fzom it tc another.

as will divide rcciass into Aue sceps/pitches, on the basis of

its fallowing (it can be, sufit eatly artificial) schematization.

Page 10.

Lat us visualize that tke zone ox .ction of the instruments cf the i

border approaches certain nuaoeL oL aizcraft Z,-,. which happily

surmounted all i - 1 previu" ooiurs of the defense (this number
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Z-1 de will assume/set by tja i tj its averager/mean value and

allow/assume, thus, nct cnli y but also fractional "quantities

cf aircraft"). It is nectessa )t.,b vacua - existing at our disposal

cf rasource - to divide intG c ars; X, - tle aircraft, which are

guided for the damage/defear c., ;. Lnsruments of the i border, and

. o-' - aircraft, "zes~vfu Lor oe damage/defeat of the

instriments of the substgusuL Daox.frs. The first will meet

nonweikaned fire/light ci t. izn4ume.its of the i tcrder, the second

- wita the fire/light, alreau ie&aened oy Frevicus interaction xi

cf aircraft.

Jpon this fcrmulaticn o. -. rroolem we learn in it the already

familiar signs/criteria of z i.-& &!jut the redundancy of

resourcas.

Let us plan the overal. d.L4h.4 m or its sclution hy the method of

dynamic Fzogramming.

1. we fix/record result ai jw-) -ti of step/pitch: zone of

action of instruments ct a aouK Gpproacned Z,_ aircraft.

It is obvious, all thaa& a"4;.aft must be directed toward the

damag3/lefeat of the irstrum.nto 4z tha m bcrder. Ccnditional optimum

control at the m ster/pitca siA.. a6

*(Z . e(12.8)
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Let us determine tha aegrogLra.atj ;onditicnal maximum value of a

number of affected instruent. or a border W' 7 .,)" Since the a

border yet did not underyc eA.re, on it wexe preserved all N, of

the iastruments:
,V =,V.,.(12.9)

The kill Frobability of aacn cz 4;"u zhaen aircraft, according to

formula (12.6), is equal to

V. ,= Ie

and an average number cf air4a.L wh.ca will lappily cross the zone

cf the operation of the ins.u unz. of this bcrder, it will be
,- (•7 Z-. (2

Page 109.

according to formula (1 r.j 'ese aircraft will strike the

averaje number cf instzuaeLa.a ox ce a border, equal to

-(Z- ,n

where ,,. as shows formula . , lends cr Z,.

rhus, on the a step/j;.Lt.n aC found ccnditional optimum control

(12.8) and conditional maxisam &-;.&z9 (12.11).
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2. For planning/glidiav (a-ij-ta stap/pitch we fix/record

rgsults (m-2) -th. let the zana oz at.on of instruments (m-i) -th

cf border approach Zm-z aixc&.aL;; Lraa them it is necessary tc

isolate Xlm on target Im-1) -ra uorlar, and the others to direct

towarl the m border thicugq n. w&ae or actior of instruments of

(m-i) -th border.

Zonditional optimu cc,, oi x._(Z._2) vill be located from the

condition of maximum Frize oA two .Lattar/last steps/pitches

04X'n 1e~ 4 Z _: I

where Q,- (-,.- 1  - average rsaa.aw 4z zargets, affected on (a-I) -th

border by those isclated fox ta.r x;_- by aircraft; Zm._ - average

number of aircraft which wi.i1. i.uazh the zone of action of the

instruments of the m tczdez uux",g tais contrcl (this value it

depenis both cn the contrci at a-1) -th step x ... and from the

number of aircraft yiZi-. _t aoiacad intc the fligkt/span of the

zone if operaticn of (i-i) -&a ao.&ur).

According to formula (1i..7 1 aave

where Q,._ 1 (x..)= N [ - e . _ . .)12.13)

Fag* 110.
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Let us ccunt an av~rajd a~aaaL af nonafflicted aircraft cf the

second ("reserved") grcujp , turjugh the zone of action of

instriments of (a-I) -th cL Aozu ia ardor tc be thrcvn frcu the

m-th. Upon the input irtc ta. 4c.,. of ;hdir oferation it was

Z,,,-2 - -Cm- V"

An average number of instrumdasL, aftactad cn (a-1) -th border

by aircraft, will be ectlaliy ao Q_,(x._). detirgined accordirg to

formula (12.13); conseQuent,, C4 tm-1) -th t .e border bill be

preserved the average nuab. or Lazitruaeats, equal to

.N _ =,._, -Q,__(x_ )- (12.15)

These instruments by their £ .d/.ht in the "flying" 4._2 -x._ 1

aircr:ift decrease their nuawr 4;11 rha average tc value
Z _,=(Z~_:-- m~i)• e ' - 1- .  (12.16)

This value Z,v._. utch uj.dau on Z_-2 andx._|. must be

substituted intc formula (i.. 1w) aid, carying ccntrcl .,,, tc find

maximam conditicnal Frize LaI_,(Z,,_2 ) dnd corresponding to it optimum

condicional contrcl .,' _,(Z, 7).

in view of a ccmpaat.!a Coa.eXly of the figuring in the task

functions hardly has tbG senie to atzespt tc seek maximum

analytically; it is necsaar, t 4 nstract the series of the curves

cf the dependence of value
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Of thdat standing in the caur4 &UZLvsS 14. xight aid* 412. 12), ct h-

Each jurve will. coreSFCuc tw za datarained i'! and on it will

have to find point With U6~ A&A.A 3rlinate. Tbd atscissa at this

coint will be conditicnal ojriiua controli at (a-I) -th step C/

and ordinate - correspcnd.Li. tu &L c~i4itJional saxiu income

I . 72 at two latte:/4&at &L40rS/p~tChS5.

dill be further crt~jA.wai ti-z) -zh step etc.

pigs 111.

3. General formiulas tur co h4.Li;)ns1 aaxiu prize (Z:_

(;and respectively cenditio&a., wrau control x.c>Z-Il take fcra

ir, *,~(~. 9= max Q,(x,)+ 4- I01,

where

x~e- (12.20)

Z, =(Zi.-I e-" 0 (2.2)

=,V1 Qi (I).(02.22)

4. According to gss&Lc#&j/oa role the Frccess of
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optim.Lzation continues ziaut uko r taa first step/pitch, after which

is so g.t optimum ccotzcl .t (.u btsp/pitch:

X..

lowever, the obtaiZed Aa~j, yet arW not (witb excepticn x,) of

,the imkncvn optimum cuskoru L oaVes:
,,;. a; . . ,,.

since they are formed taaiaj iaw .czont the losses cf aircraft on

all previous borders. In cLOOZ, Qds.&g x:. to find an initial number

cf aircraft in i wave %*;. i 3.1 atscessy tc adjoin to x; the

averile/mean Losses of th eave ; oa all previous borders.

Let us demonstrate te. rt.o;aeura at the cptimizaticn of control,

after assi-Ininq the co£crez./se.c. i /act~al nuterical values of 'he

paremeters, which figure in 4a x.

Jumber of boriers: m-4.

Number of aircraft: a-aw.

Number of instruments o raa uocdjrs: Vl&1O; N1-12; N3 =15; Nb=IO

(in all N=10+12*15#10=Ou).

Kill probabilities of &sAnt y its ene attacking aircraft:

/ 0,4 1 --- 0,5 / ---- , - I,0,
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Characteristics of taw Ot n of the fie/light of air

defense weapons on tke aircraic:

-0.05; =0.01; - 0,04, 2 = 0.05.

fage 112.

ro find optimum nusbe a~ oz aicrdft in the baves:

ni. B;. a; . n4.

with which a number of aifacrt.= ",itcusents or all borders will be

saxial.

rho soluticc we will, coszcr in stages.

1. Conditicnal oL fourth step/pitch. We are

assigned by the series/zow o.&. values of a number of aircraft Z 3 ,

which approached the zcce uL a u 4f thd instruments of the 4th

border, fcr example:

ZI-= 10. 20. 30. 40. 50.

and lit us compute for tem aa avetaye number of struck instruments

of the 4th border acccrdxn% 4c w Aaula (12.11). The results of

calculation let us des!Sn LU ta& Lure it the graph/diagram of

dapendence U*4(12) (Fig. 1,.... aeciag into this graph with any Z 3 ,

we will be able to find th& apkokLiitd crnditienal maximum prize

b*,(Zj) ; as far as control i zactrnea conditicnal optimum, then it

is simply equal
X, (Z3) 3-
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2. Conditicnal crtimiza,2 oU taird star/Fitch. de are assigned

ty thi series/row of the va.Laa oi naaer Z, cf the aircraft, which

surmounted the previcus two ,

Z, I . 1.5. 20. 25. 30. 40.

aad for each of them let us 4;ouu. rri za at twc latter/last

steps/pitches: the third - ArL cay contrcl and tke fourth - with

the optimum:

W'.,=Q.u(x 3)+ W.(Z,. (12.23)

wher Z C - (),,: (12.24)

Q .. .V, 1 ,1225
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Fig. 12.14.
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Jalue Q,(x 3), enterinq .n (Id..23), is counted according to

formulIa ( 12. 25)., and w* 4 z.3) is A.ucited thirough the gragh/curve Fig.

12.4, for which it is necesaarj 6t eatar i.nto it with value Cf Z3,

under,:aken frcs formula

After producing calcuL...joi aczording tc these formulas for the

selected values of 7.2 ea ;n. %%L.~ws/ruw of values xzj. we ccnatruct

the sesries of curves fcz fau..t .a w3 ., aependlnS ca X3 IFig. 12.5).

For each of these curves we ,oe kuit wi.th the maximum ordinate. The

abscissa of this ;cint - c.a.snloptimum control X*3(Z2 ) , which

corriponds to that 22, w""c~ Aa~c.udes tae cuxve; ordinate - the

appropriate cenditioral *saoua h...Z *2..(Z,2).
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de ccnstruct on the YLdt QI ei4. 12.6 (cn the different scales)

two carves: dependence k* i22) .& IQeendencQ x*3 (Z 2 ). The Erotleu

of the conditional ortimizar-&o 4z tae third step/pitch is sclved.

J. Conditional cptiu iza.j. w sacond step/pitch. Procedure is

complately analogous and sanun an ci4. I.7 ard 12.8. First is

constructed the series ci tuvas m j*(x2), which correspond to the

different values of Z, InuaeLr or aircraft, which a;;roached the zone

of accion of the instrtIenL5 oL ta 2nd border):

Z3 -- 10, 20. 30. 10. 50. G0,

depealing on control x2 at te v4"ni step/pitch.
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w.

9
a -40Z:-40 7;

6 z6 30

ol s o zo 3o ;of o z

.5 zz.

Fig. 12.5. Fi.j. 12.6.

Calculations are ccnddcLed dc~3rdi2.fl tc the formula

W2 3 , =Q2 (x 2)± + 1v,(Z2). (1. 26)

w he r4

3,x )= . [ Ze2J (W14.270,,.z

"2 = 2 ri ,,, (12.2,)

and v ilze Wi3A(ZZ) is rEimcve,,/ L.LL r.a the graph cf rig. 12.6 ith

Fig.- x)e-,,,, (12.29)

2 = N2 - Q2 (x2).- (12.30)

For each cf plotted curves tzp 1 ..1) ayain is located the iaxilUm,

and ar suhestuce the , tLu of a.ts abscissa (conditical

optisu control at the sec~" ,w,/pi.ta) and its ordinate

,, +- • + - I



DOC = 80151506 FAGE il

(corresponding Frize) ca Z, kS . 12. 8).

iraphing of Fig. 1..8 SWIVa tha task Cf the conditionai

optimization of the scecnd ste/.oc.

4. Optimization cf ±ic4 4ta/pLtcn. Value Zo, with which we

arriv3d at the optimizatica, az4 riaset:

Z ,, 80,

therefore we must construct %oaLj uae curve deFendence of W 2, on

ccntril x, at the first stZ /pJ.e-c (Fig. 12.9).
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:aIsNZ~ -60 4

:, .. 4"

Fig. 12.7. ?i.j. 12.8.

, 10 0 50 80"o-

to zq jo 40ob o 6

Fig. 12.9.
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Zalculations for the cas u#iju oy this curve are conducted

acccrling to the forrula
W +1 , 4 (X = Q (X + W . 4 7- 1) (12.31)

where

Q,(x 1)-.N, )- e-, (12.32)

(1233)
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but value Ws.,(Z,) is tEmcvw /Gw4. fram the graph cf Fig. 12.8 with

Z I = (Z,1 -- x 0 e-''9. (12.34)

NV1  = - Q1 (x,). (12.35)
Zo = = 80.

In the curve of Fig. 1;.9 de noce eo.na. with the maximum ordinate and

thus ae find a maximall] , erize (average nurber of affected

instruments tc all fcur bcczr.ri)

IV= Wi.2..4 = 14.1

and aptimum contrcl cn the tr-ri 4cey/pitch

x, 34.

5. optimization of ear.a er.a3s. a find optimum contrcl step

by stap from the beginring t4 caw und/iead. we isolated into the

compositicn of the first wc4vd (to che damage/defeat of the

instr.im.nts of the Ist tcraii..) x*1=34 aircraft, and the others

y*1=8J-34= 4 6 aircraft dizectod fiu.hLhar.

rha zone of acticr cf ; e .,uatrumeats cf the 2nd bcrder %ill

approach (see fcrwula (1z~j.ij) Tna namuer of aircraft, equal to

Z = 46e (12.36)

where = N, - Q, (.,). (12.37)

( X D =,v-- ' , I I - ,e - .- ' ' ( 1 2 .3 8 )

'
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Producing calculaticn ,iiz Aj=j.j5, NI=10, ue have

(, 1x., = .3.6; Z, 1  37.

i.e., on the 1st border it w.l o affected Cr the average of 5,6

iastrumants, and the zcre ox actita of the ins-ruments of the 2nd

border it will approach cn r"a cv%.aja of 31 aircraft of 46 "that

r3ser ve-I".

Page 117.

4ith the obtained value c" i.* 1=37 iat us enter into the graph of

Fig. 12.8 and will find c¢zi us tuuatroi on the second step/pitch

x; = 23

i.e.. from 37 preserved aiLcait .z Ls aecessary to isolate 23 to the

damaga/lefeat of the instruawnts uL tas 2nd tczdar, and "to reserve"

y;= 37 - 23-= 14.

de further find a ruaaw& uz axrzrat which will approach the

zone f action of the instruAair.4 4f tae 3rd torder:

whera Z, 14e~V (12.39)

Q,;=NI2 -Q 2 x (12.41)

;=x~a. 1Ns(12.42)
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?roducing calculaticns acG4=-un4 to these formulas, let us find

an avarage number cf inEtxasmat, ieatan cn the 2nd bcrder:

Q2 (X = 5.4.

and an average number of a, c waic- surucunted the first two

borders: -0.7.

with value of Z* 2 =10.7 Wr wuteOL ao the graph Cf Fig. 12.6 and find

optimam ccntrol cn the ttiru sz,'/i/ ca

i.e., to the damage/deffat c. r.d .ni:cuaents of the 3rd border of

aircraft to select ccmletw, u aecasary ! This at first glance

inexpacted conclusicn will ow c~m.etaly natural, if cue considers

that the shooting at tie insuxahndLs of the 4th border under

conditions of our task uucn dor- dfricLent than on the instruments of

the Ird bcrder P3=0.i; j,,=Ij, &au theraore has sense, in spite cf

the -3unteracticn of the 3-, o.iwz., to reserve all 10.7 aircraft for

the fourth wave.

from these 10.7 airarar. taw zona of action of the instruments

of the 4th border it will a eroaca on the average

z= z;. = .5.9.
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All of these 509 aircrdLt WU6L Oa CaSt tc the damage/defeat of

the iastruments of the 4th Dnruaz. Fr,) them they will be preserved

by thase nonafflicted cr tne av%,L4ve
(1)

Z.**1 o3 .6 camOaea.

Key: (1). aircraft.

Pa. 1 18)

, io tee5* c.A u o att h asg/eeo
athey will enstrikte cr th 'e. iFcda te averagel reere

Key: (1). instrument.

The process of cptimizatzca ..s .oial~te- is found the cptimus

control: x<=-34: x;=23: x=O: x=5.9.

Lt remains to pass trca taiw valees (quantity of aircraft,

separated to this bczdez fzc a naabEr of thcse preserving tc this

border) to values t*,,'?2. na'. i. :. ac.Luutd " the waves, formed/shaped in

the baginning of coating. 4e acve

na A=' = 34.

i.e., in the first wave it .ia aacwdsirj to include/connect 34
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aircrlft of 80.

in what proporticn it 1. uasry to divide the remaining 46

aircraft between the seccn" Au zqurtA raves? According to out

calculaticns after the Eassd e oL zha Ist bcrder of 46 "reserved"

aircraft it will remain 37, jr "a.& 2J mast function cn the

iastr- m nts of the 2nd tcr4s.. sAce, accorlirg to ccndition, we must

form/shape waves previcusly, cut aot on the tcrders cf borders, then

it is obvious, it is necessa"y %.u uividw 46 the "reserved" aircraft

betwean second ard focrth gaves i relationship/ratic 23:14, i.e., to

inclule/ccnnect in tte seconu davo 21 aircraft, but in the fourth -

remaiaing 19.

rhus,

ILI 34. i;z=27; is19: : t.

Juring this optimur c ali/ Isdiny will ta affected the

maximally possible average nmoor of targets, equal tc

W'= 14.1.

from aottom on 1st bcrdec 5.o, raa &nd 5,4. on 3rd not one and on 4th

3r1.

It does not represEnt tme w& to count also its own losses of

aircraft with the execution v ta. coamat missicn. The part cf these

losses, namely losses in tae "'griavad" aircraft, we already computed
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in th* course of comFutatla. 4 uLot ;sdm it is nrcessary tc

supplament still lcss ir taooa Q. rift which, favorabtly after

passiag tho preceded bczdaz-, av aeali, to the damage/defeat of the

instruments of this bcrdex. an avwLaga 4uantity of these losses nR

on tha i border is ccmutru Li cae formula

nI=x;(l -

Page 114.

Applying this fcrzcla, Lnj 4.o taking iztc account the

previously obtained 1csee ". &au resarvrzd aircraft, we will obtain

grand average icsses:

in the 1st border

13.4 + 9.1 =22.5;

in the 2nd tcrder

8,8+3.3 = 12,1;

an the 3rd bcrder

4.8;

on the 4th border

2.3.

Altcgather of 80 aircraft id.L~ rn. fu.illment of oFeration cn the

suppressicn of air defense waj io. wi21. be lost in average/mean 42;

by the price of such t.eir ca ","a can be achieved/reached maximum

"priza" - it is affected ca &4 avarai ot 14 instruments of the
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opponent.

It is obvious, such u4cwszL; 4n or result does sake it

necesaary to be plannec abou. Ta r, it is expedient tc generally

carry out operaticn cn the suirzwasi.n or the such well defended

targets as in our example, w.&za tats help of such weapcns of

Iestracticn as the exarine .y ua airccrat? Hcwever, reasonings on

this hame exceed the sccp. r wt" oujbct/subect of dynamic

programming, especially Decausa ,.&tiaL. naumerical data, on which we

constructed the scluticn, we.e awmAftcteu rci the purely systematic

consilerations and have ncLn..n4 i. coawon with the real ones.

"et us pause at cc a-. Stated prcblem about the

listribution of veapcns cr us.s.%ion w6 sclie on the assuoetion

that the distributicn ct ai A& into the waves and cutput cf the

combat mission to each wav .. s ,.L;uuce u previcusay, aird in the course

of egacuting the operatiac ic, u inal lan does nct vary.

Page 123.

Ln the principle tie ai.-sL.u caa oe assigned otherwise: to

assums that on the aipzcacnwe c., aixca border the actually preserved

number of aircraft (whcn in to.* .aciaracy cannct be previously

predicted) each time c;tiz&.&y .4 zediscibuted to two groups: one is
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directed to damage/defeat or tra Lejrs of this border, and another

flies further. In the Frasen%.e Qt rha aigh speed contrcl ccuuter

this optimum redistributicn &s uaA&z possible-. The e'xact sclution of

this task can be construct wi" cha 4enaral methods of the solution

stochistic problems cf the uraa programming (see §§ 15, 16).

However, in the first aEprox.aarau.u it is Fossible tc use the

following method.

In the beginning c¢ coa.ia, tn ovorcomirgs of the 1st tcrder)

is solved the task of d)najij. ioolzaiai.ng as this was shown atove,

and is located t.e optifu cn;o. on tae first step/pitcn x*1 which

is realized. Then is disccverea t&t tta 2nd tcrder it apprcached

actually not Z*1 aircraft, mut authar number ZI. i3ut indeed with t1.e

soluticn cf the prcbler c taai& prograaming we fcr eaca Z, found

the conditional optimum ccnZ.-" ;L A(Z 1 ); we will use this dependence

and lit us use for that actu,&I.Lj 4'.;rryinq out Z, this optimum

control, etc.

Logically does arise r am aoes have sensa to study in

the course of operaticn by is ".(edis;zibuticn", i.e., is great the

prize in an average nuater o. aiLxcta dinstruments, bought tc the

price of this ccueLication c,. ci".zol? Respcnse/ansver to t.is

question can be given, cnly &f aw coasaruct the more exact

"stocaastic model" of ccmaz oe#A;rioas (withcut the replacement of
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randoa values by their 9ataiwd;..c&h. expectatins) similar ttis is

done into §§ 15, 16.

j. The same protlet citA, a"4.saer critericn. During the solution

of tha previous task (t) ww &uibu a: the target cf the operation.

carriad out by aircraft, ca., tne aaaga/defeat of targets

(instruments), the greater i.. w. bd a ifended affected taese

instriments, the better. Crioaz.o W we have an average number of

affeczed targets.

£t is possible tc cons~iAr .otaei task when n of aircraft

surmoint air defense zcre in ciQiA. bejoad its limits to fulfill scme

cther, basic comtat missica %tui axaapi, bcmuing on the industrial

cbje::s). In crder tc ersure &a &.;6maLy successful fulfillment of

this jasic combat task, ana .s z.&ected certain quantity of aircraft

for tae suppressicn cf air awfoase waaons.

Page 121.

As the criterion during roe evaluition of efficiency in the

entira operation in this caso , L i i to select an nct average

number of affected instiumes, ot an average rumLer of aircraft

Zm. sursounted all a bczders or evu tna raady to execution further

combat oFeraticns:
w z..3
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This task has scaeth.iay JwQu&l/cjaaon/tctal with the task about

the distributions of rezouLcoj/,j4gtjA.es, when is maximized not

income, but the tctal qLant.j.j 4L reSSOcc@s (see § ilk), and Just as

that, proves to be the aaeea.c4;.,- b4 of dynamic prcgramming.

actually/really in Oza c. um o. aa-ced of this, let us sketch

the diagram of the sclutcn # rib-laa ay the method of dynamic

programming. The criterion, a"" .t is arcessary tc turn into the

maximum, exists W'=Z - aa -Ave.Qj& luaj.wr of aircraft, happily

suraoanted all a borders.

1. We fix/record Zm-* Cwnau.& nal timur control at m

step/pitch XI.-,) no lcnzgi euo. Z--1. but it is found frc the

condizion

0 4 Sm 4 Z'M_

where ,.(Z._p x,) - averdse a.Aux vf d.rcraft, which surmounted the a

border with the preset tuaafe o.- G4arzraZt Z.-,. which enter tc this

border, and control xAm cn taA..i dr.

Zompletely it is clear ,L Z. anndecreasing functicn Z-I.

therefore, and W, is alsc nfn~w.aia ±unction 4
-i
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2. We f ix/record Z,,.- 2. Co"JIL.,;ai. apzimuu ccntrcl on (m- 1)-th

step x". 1 (Z.-2) will be Icc~ia zzj ra ccnditirm

IV1 ,, I (Z,,, 2) = Max (W,' (, - (Z,. -2 x,-

where Z.-,Z,,1 ,. x,,,1 ) - averu naumu-r uA* cJircraft, which surmcunted

the first *n-I borders duzing prb.-m. 71,n-. and fixed/recordead ccntrcl

L'- t is clear that f jc~7.jZx2 X,- 1) is the ncndecreasing

function cf argument Z.- 2 . c(;"~iumi6tiy, and w~z, 2 x) there is

nondecr-iasing functicu 4p-2. aau r.;,s adans, and W, 1 (, 2 -the also

non de-area sing functicn.
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3. By completely andlogjus adr-had Let us asceLtaia that for any

(i-th) step/Fitch prize at a".l 4iainLa.j steps/itches tc eat,

nondecreasing functicn Ci L abL Wa. AI:cZaft Z,-. which apprcached

this norder.

dence deducible is thi 4.oa ion. zhe csed problem is the

"deganerate" task cf dyrauLc pr maiaij. tc ilan is necessary each

step/iitch separately, distz.b.u&,j th floun up to this border

aircr4ft to two parts - "to #.f -rpcdssion cf air defense weapons

and "o the flight/span furLs. ou as to beccme maximum an average

number of aircraft, whicn su mc4"ar.d tais bcrder (irrespectively of

the othqrs).

13. Distribution of rEsoujes/..&Letiae with the aftereffect.

Zxamined in § 12 tisrs -t u ,iLriDating the rescurces/lifetimes

were characterized by tkat feEC±a* fea~ /peculiarity, that the

means, isolated in one "ranh", eLojdted/emercsd as t1le "support"

for maans, isclated in accaor, A4.Mradjinq the yielded by them
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incomi. This surpcrt wai m&a"jsa*.Au ;o juickly after the enclcsure cf

the corresponding means.

in practice can he mez Quca aitudricns, when activity of the

"surporting" branch is ani.Lasztu uor. ight after enclosure in all

means, but after scme qcanra.y oi btagas. In general an increase in

the iacome of "basic" trdncn uaecws ca caat, hcw icng passed from

the moment/torque of tke e&ccsu.#x of Adans intc the "supporting"

bra nc h.

?h3 tasks of this tj~d Aava, (n cimpariscn with those previously

examined, certain feature: "a~uioa irom the "basic" branch in this

stage depends not only ca taf au.a if sister at the given

momen c/torque (where hcb suc,. .4mibdaa) , but alsc trcu the

prehistory of the ccntrcllou L;.-is 1where, hhen and hcw much were

inve-tel means). The preseuc. cz rais "artereffect" (effect cf the

past )n the future) generalFL crap.Licaads the process of placning.

.arlier has already 4. 6uass#z ;ae fact that the presence of

aftereffect it is possitle rv awate, includirg in the present state

of system those parametezs .oa ". )&st, which essential for the

futura.

Page 123.
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Ia this case increases the amu 4..f aeasurements of phase space and,

therefore, sharply gicbs a jaz.& of varsicrs of the states which

must ae sorted out in tke jr ce- wf oriaizaticn. Hobever,

fundAiaental difficulties taii.., c±itio does nt contain.

Let us consider a spec." .c ciamlj ox task for the distribution

cf means %ith the aftereffct..

Es planned/glided the wszx si eatarprise with the initial supply

of means Z0 forward fcr erija w oz yeArs. A cuantity of means x,

imbedi-ii in the enterprise, As utikvertai in a year (taxing irto

accoiat of inccae and expeza-.uza cf iJans) irtc scte another

quantity of means F(x), wha4.c ca Le lass, it is equal cr more than

initial x.

rhe means, availatle IAn tas a glaaing of each year, we can at

cur liscretion either cczFlr&&eLI €cicx .no the prcducticn or

Fartially expend/consuve ca ub. zxillary actions, for example to the

conteat of scientific waoza..o, uhca, conducting research cf

produation process, after c&aia tiae after its crgar.i2ation raises

the profitableness of Fzcducr.lLn, in consequence of which the

function cf a change in uea. P(x) i substituted ty another:
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F"" (x) > F''(X)

whera k - quantity of years, a. Lcu the laboratcry already

exist ad.

Function F1hl(x) witz d'AL 4 wo w.L4. consider nordecreasing.

in the content cf lab&uo.,6 oov.wously, it is necessary to

expenJ some means. Let Ls =ame -na. rhese means - ccmpletely

deterained (they do nct deks ca our dnam) and are equal to a(k-1)

on tha k year of the existrL.,a G. &aaocatory (after it it worked

already k-1 years). In this ;ds AO) Ladicates the original

expenditures, required tcr ri Lizato4 ur latoratory and itE content

into zourse of the first y.a..

"et us agree to ccnsiQa. tad. if luring acme year cf means to

the lAboratory they are Dcr Aa.d, aea it is preserved, achieved

profitableness level of FrcuctaoAA is zatained, but with the new

enclosure of means labczatwr runLinai dad raises the profitableness

of production in the maCneL .ar .z in zerxuFticr in the financing

they das not.

Page 124.
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"Control" of the dist Luta oi jaeans on eaca stap/pitch

(before beginning each E£G zc jea.r does cersist of the solution

of tha question: temFezyIng ,wao.. 4., aha i.abcratcry cr nct to release?

With this -implified fczmu&~aiA %#.L rask at Each step/pitch is a

selection on.Ly between twc u.czrns:

U""- not to relfisft aiae4A,

iV"- to release *assn.

Lt is necessary tc fiuu ra. coatzal during m years, with which

the total quantity cf zeans, a4. - bd daQ in the latoratory (the net

incomi plus the remaining e -L Lhi aasic means), toward the end of

the pariod will be maxiial.

4e will solve stated pzwaf wy tae methcd of dynazic

progrimming. It is first cL aiL aacecsary tc tclve the question: by

what parameters we will chaaact.&ze tae state of system afterward

(i=1) -th of step/pitch (6zwLro juwinliny the i fiscal year) ?

Ls obvious, by cne valu w,_, - d quantity cf means, which

are at our dispcsal afterwai.A (.-Ij -LA or step/pitch, it is

imposible to be bridged, sc4.. 4 Laaowt, which we will obtain at

the i step/pitch, depends r4. ." oa ih~t quantity of means we had

. . . .. .... .....
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available in the beginriny ok. lea. aad wuat ccntrol was used, but

also irom that, how uar.j yfo., ia .ow. hcrked the laboratory

(with our assumptions nevertraLws. - worxed it continuously or with

the iaterrupticns).

At is necessary tc ctar~c tae state cf system after

step/pitch to twc parazetez6.-

/ - a quantity cf mwaa jia s plus income), availatle

afterdard (i-1) -th stei/fn,

- numter of the y=., uur.L, dhich functicned the

laboratory betore begirriaj ia- 6 4tdl/piuch.

rhe state of systel s;_, a.;wwazd (i-i) -th step let us

r giszer in the form cf vecT or & c G.i components:

4s the phase space let As ciabilaz on plane ZOk (Fig. 13.1) the

saries/row of straight/ciec.

:) -- '; I I'; i n_ .

parallel to axis abscissas; juA.ates if rhese straight lines are

equal to the integers: C, 1, z. aloy tuae axis of abscissas are

plcttad/deposited the disrri.uzu... ueans Z, alcng the axis of

ordinLtes - number of yeaz 4z r. eLm.tdnce cf labcratcry k.
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laitiil state of systet - CO-s o-y dhtformination point S. cn axis

07 wizh abscissa Z0 (iratiL., +&..ty if maeans). If at this step

fraans to the labcratcry ar , 4. LfdLasd, pcint oa the phase plane

moves on the horizcntal; i wim to-t.ie labcratory are released,

point is moved with thiz hoc-zouA.. LiAe to the following in crder.

leiion 3., of the zicai d.Lau 4f system is entire the phase

soacs (set, straight lires j-o', I-1', etc.). Prize 117-Z,.-- is nothing

else jut the abscissa cf iacLwA;/A.Q>t point in the trajectory S._,,. The

task )f optimum planrinrA/g aa, ceauced tc deduce t e pcint,

which represents the state oA w., Lnto firal state S with the

greatast abscissa (crdiraa Ao at ait hAve a value).

.et us plan the diagrAM o 1U& =oasaruction of optimum ccntrol

by th3 method of dynafic po& ,ug. .*ot us represent gain W=Z,.,

intc fcrm of sum m of tke co.,un.ais/arms/addends=

W I + W + W'.- I + O,

from ihich all, except the ru4L, dco ejual to zarc. We will

ccnstruct the scluticn hy ta amuard diagram.
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k

ZLI

Fig. 13.1.
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1. We fix/record rezsuk~ (z&-1j -ra sTep/pItch, i.e. , two numbers:

quantity of means 7,-, aa au &La&. at yesars ~-* during which

airealy wcrked laboratcry. ix ov.ous, 0 k Let as ccnsi der

and lat us ccmpare inccire cit taw ~A stee./pitch which we will obtain

durinj ccntxol u (n (if we Lo nQ- zoaliase money to the laboratory) and

durinj control U"M (if v4 rd&~~j la irst tte case in the

production will be isbeddeui a1 lA sans Z,.and we will obtain the

inccm-a

'vig.-1 13.I U 3.1

in tht second case in te z juctru w i h be imbedded act all means,

but only those which will za .o L.Ltar fia rcin of labcratory, and

we will ottain the inccae
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Since function r*('-,-) .t~~a~.y then it is otvious, of two

incoumas (13.1) and (13.Z) tbo L~i is d1ways ucre. rhus, O'ptimu

ccntrA) at the latter/last srer/riA.ca axi.sts [u~ul- nct tc release

means to the labcratcry, aa tA.b Loutro. does not depand ca issue

(a-1) -th of the step/F.itca

but t.6e corresponding maxiiu#A~r~ L is eq ualI t o

2. We fix/record Issuw tA-.q -ta ittp/pitch, i.%., vectcr

auring centrol ir"" the r-.Lr J.L th taase space will pass on the

horizantai into Fcint S1,,1-, a.. t.3Z.1.nates

Prize for the latter/."r~: w sc.ds/p itches (during the cptiu

control on the latter) wi~.&e

~ (F~"uz)~., ~) Ik,.-.2). (1-3.4)

cr, using foruula (13-2),

(13.5)
Page 127.
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Juring ccntrcl ti" the LwiakL A taa phase space will move with

straight line k, a2  A .a .lo g in crder straight line and

will hit Foint S,, with tals clcLU.Inatas

. '(*M-2) (ZM- 2 - a(1,-2)

k,_i --- 2 - . (13.6)

in this case i a iiLv ad r rired ty the fcrmula

= W, ( Fh~m) (Z, 21(/~2))An,~ + 1). (13.7)

cr, tiking into account (1j.1),
,- . (Z,._ 2- /Z,. -2, U " =

= (' -,")p('- ,)(._,- ( _.)). (13.8)

)ptimul control (U' oc U11) d ..L ot iocated by ccmpariscn of two

exprassicns (13.5) and (13.o# ,iu wita tae selection of maximum of

them

- maxZ- ,,U") "

3. For any (i-th) ste,)/,zca tp-.iaua ccntrcl (u'" or U'") will be

located with cosFariscr cf ZeQ i..eS oAS

and

and with selecticn cf vaziatuas v zea
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V i* ,, L , . k - 0 =,

k,_ u") I' (1.9)

where

" i + ..... ( Z , _ , U ,

I.V , ~ i.... . .I ._, 
m )

=W s, m... (F,€i-)(7 _-, -x ,,)). ,,_ J- 1). (13.11)
1-17
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4. Optimization of ±izr azar/patjh is prcducad at fixed value

cf Z, and ko=O:

, W" ,7. . -m.x , . (zn. 0. um') (13.12)

where

(Z.. ( 0, U ) - ' (" (Z.). o). (13.113)
W,,. ..., (Z .o. U )=

...;. W'......,('(z-o)). 1). (13-.4)

Optimum control U* at a L.Lai step/pitch will U"'1 (drcp

means), if ezpressicr f13.1Ji . utera ;nan (13.14). If cn the

contrary, then optimum ccntrkiA d.A.A U41) (release means t).

FCCTNJTE I. If expressicns .a.e w ul, then bcth controls are equal.
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ENDPOJTNOTE.

5,. Further is Iccated rusau. vf iLrst step/pitch during cptimum

control: (z*, h,:- then oFtimum courL6 ar seccnd step/pitch U;. and so

ca, up to latter/last step/k.&tca.

I.et us deacnstrate the .. Lu4.icn or protlem based on numerical

example.

Let us assume m=4 and L.t ub Qsja~n iuncticn F"")(x) and e(k)

with

FIO° (x ) =  1. 5x -, a(0)----1;
F(I) (x) = .6x; 2,(1)----0.5;

F12)(x)= 2x; 2 (2)=0.4:
F(31 (x) -- 3x; 1 (3) = 0.3.

1. At latter/last stee/,,it.a, a it is already explained.

U, = U; = U40) .

i.e. aeans to laboratory to s.eeaz aor- necessary. Curicg this

optim~s ccntrcl the Fr12e at tae fuUrta step/[itch fcr different k

will be equal to

1 (,' 1Z. 0) 1.57,;
W4Z,. ) = 1.6Z;
W(Z41. 2)= 2Z,;

W4 (Z3. 3)- 37,.

Page 129.
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2. We optimize thiru 4e i aave

w+,(z,. .WI. ~= W(1.5 Z 1. )~25

- 1.6(1 .5Z2 - 1.5) =-2. IZ, -2 1.

of these twc rx~reia s.a ,. i large of the sacond bith

Z2<16; when Z,>16- vice vaL-d. xharafura

2.257 k ,npi Z ..< 16.(13.15)
= 2.4Z2 -2.4 dipit Z.1 16

Key: (1). with.

and raspectively

U; (72. 0)= U(I) t,np" Z2 1 6. (13.16)

Kay: (1). with.

Furthar we have

W 1 ' (Z2. 1. U") ---W :(1.6Z2. 1) = 1.6 .- .6Z 2567:;

W,, 4.(Z2 . 1. U'")- W4(1.6(Z,- o.5); 2)=
= 2 (I.6Z2 - 0.8) = 3.2Z2 - 1.6.

if these two expressiou Lao zirs will te acre than the second

with Z2>2.5. Therefore
2.56Z, jdnp% Z2 2.5.

W;.,(z2. 1(Z I 3.2Z, - ,6 4 Pit 2.5 (1.3.17)

Key: (1). with.

and respectively
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I Ul"" O)npil Z. 2.5,U. Z2 l i , j h W Z2 2.5. (13.1 I

Key: (1). with.

?urthero

'S~( (7 2.-, - W 2 . 2) 4 .,
W V . , 2. l'L -i 2iZ -,.} 7,-- GZ - 2. 1.

)f these twc ex~resso.i 4a Lit:i ;s more with Z,>1.2, the

seconJ - with Z2 >1.2; ccnsd SeI4TLI,
,Z2. 2) -- f4Z- LO npi Z - 1.2.

"iZ2 -2 V p. Z,> 1.2

Key: (1). with.

and rispectively
). U41))Ldrpii Z2  - 12,

U,~~ 7,.2 ull) np" Z7> 1.2-. 1.0

Key: (1). with.
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ro assume/set k2=3 nC ±Ln IeUessaZYo since for two first

steps/pitches system carncc trz.Lvw to strdight/direct 3-3'.

I. We optimize seccnd .eL/,rica. ie have

W'. 3..,- V,. o .u°) = v.. .zo.
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or, using fcrmula (13.-),

." , ,( z . 0 . u " ' )

3.375Z, p, I.5Z 16.
T . c. 0 np,, Z' < 10 2- 10.67. (1.1
3.G/S (13.21)I  I

3.GZ, - .4 -t Z 10 10,67.

Key: (1). with.

Lt is analogous

v 3. 4(z,. o. u'")_--;[,I.(Z, -()1 ,).

or, using formula (13.1),

'a' .( 7Z ,. 0. U ' ) =

I ,8z, - 384 oh,, 1.5,Z 1 -- ) <2.5.
T. C.Ofpit Z1 <2 2.67.

.3 (13.22)871 , -Z 6-'.4 Ot nPH Z, >2 2 .7

Key: (1). with.

Ln order to solve a a2G,, w u-h of exressions (13. 1) or

(13.22) is more, let u ccas.zA rhd jra~hs cf the correspcrding

functions (Fig. 13.2).

Zach of the curves wia.. o, ozokan line, ccmrrised of twc

straijht lines. The saximua v aw.-e tdo functicns is shown in Fig.

13.2 oy heavy line. Letters ' I-, r ,, marked the curves,

corresponding tc the ccZ G.3.-, ccaLrois. ErC~er. line, which

repcreents the maximum at twv LuAACLJfl (13.11) and (1J.12), current

consists of two seyients.; %-n n& ,as an atscis-a, equal tc 4. .
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18 /0IO!Z Z.

W .# '. M
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0i€o i Ji I

Fig. 13.2. Fig. 13.3.
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Zhe equation of this ;a.. vu wA.I aa

Z:. o = 13.375Z, 0L' np. Z, (13-23)
4.4/, -64 Onpi 7, .19 4V 3.23

Key: (1). with.

1. U ~tJiipil 7, 4 In-

." ' .' ( 1 3 . 2 4 )

Kay: I). with.

we firtier fini

or, USinmq 30r#Vl¢ 13.)

S '; , "p" 1,6Z,- 2 5.

- 3T'. e. .lrypl Z, 1. . 13.25)

.2 ' - l.i np,,, Z, 1.5G.
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Key: (1). with.

Further, ,. .,( ,, I. UM) 1. I6 (Z , -O.5). 2).

or, using formula (13.9),

2.' /. I , U(J) -

6. 1Z - 3.2 1 Z, - 0.8 < 1,2.

T. e. IIl) Z, 1.25. (13.26)

-7 . Z,2 > 1, 25.

Key: (1). with.

Exprassions (13.25) and (1a.zoj a. caprasented graphically in Fig.

13.3. The maximum of twc u (13.25) and (13.;6) is shcwn in

Fig. 13.3 of fatty/;reasy UCjrx A.-na if Lines whose equation

) .I7 f
A J Y6 ,7 - .2 Orp,, , U. 1.31; 13.27)

Key: (1). with.

hence

jU'"
)( npII 1, 31;

U , Z. 1)= Uu) npi Z 1 1, 31. (I13.28)

Key: (1). with.

ro assume/set k1=2 nc Auauyc uazassary, since for one first

step/pitch system cannct aa;vv Y sc,iigat/direct 2-2'.
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4. We optimize first stji64h.

W U A/, 3.,, 0. u"") V . , Z,. 0;.

-- or, usin c fcr muLa Ij. 13),

W 1. 2. 3. (Z . 0. U11) =
5,06Z O  (Pnp. Io .5Z,< 4.49.
-. '0 . e. Onpit Z, <2.93, (13.29)

7,27Z - 6.4 Gnpi Zo >2,93.

Kqy: (1). with.

tt is analogous

1, .3. , z,. o. u"') = " .. ,( ,5.(Z, - 1). r),
or, a-cordingly, tc fcxit . t l.. lj,

t Vt.3.4 (Z,. 0. U'")==6. 614Z,)-  f ,. 14 ()inp" IS5Z o - 1.5 < U31,

- T. e.A np. Z, . 1,87. (13.30)
14,4Z o-  2,16 (Dnpif Z o > 1, .

Key: (1). with.

Exprassions (13.29) and (IJ.4Jj .w capresented graphically in Fig.

13.4. Fatty/greasy of lines -s awn tae maxisum ct these twc

functions; the equaticn of is i-e

W '(Z')) = ,V. ,IZ. )4Z' .
5.06Z O  ttnii Zo .  2.3 1,

== 14,4Z, 21.6()npit ZO> 2.31.

Key: (1). with.
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' u"'u

/.0,

Fig. 13.4.
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lence optiraum ccntrci. Ar rat Lics: step/pitch will be

Ui(zc,) = .WOnpu Z42.31. (13.32)
U, (Z")>2.3 1.

Key: (1). with.

rhus, the conditicridl ou.&ztoao )f each steF/Fitch is carried

out.

5. let us find ncu ¢F&a.mi ka&tco in all four years:

u" -(u,. u.' u. u.

Let us consider tbc cis:
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4) 20<2.31;

a) Za>2.31.

In the case of a) ¢}tsAm c.r: at the first stap/pitch will

be U "U) ulon the first yea, wr moas to tne labcratcry to release not

necessary. To end of thl zrat LA. da will have number of the means

Z= [.5Z0 < 3.47;

in this case k -=-0. T. !. S,=(I.5Z0,. 0).

in order to find cjtiuA i n 4eccrd sta/pitch U. let us

turn co the graph cf Fig. l. . zi"Cs Z<3.4 7 <4,49 . the optimum

contral again is Ut0) "

U; - U10).

i.e. on the second year of w Lw th labcratcry tc release not

necessary.

de find the result or t.d v nU itat/pitch durin4 the Cptimu

control:

Z., .5 1, = (2.25Z< 5.20. k;=0;

.S; =(2.25 Z.,. 0).
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From formula (13.6) fL..L.od.b -aa Also at tta third step/pitch

the 3otimum ccntrcl exists U',, j(,r. o release leans) , since

Z2 < 5.20 < 16.

..ontrol at the latter/-.z ,p/...tca is standard: tc release

means to the laboratcry is Lt L .siy.

Page 135.

In this case the maximum jzi.a isso ioraula (13.21)) will be equal to
W5-- 5.06Z 0.

rhus, we ascertainta ."t c. an initial quantity of means

Zo<2. 31 optimally ccntrcl d.s

U*_-(U(O). U ,). UkooJ U(O)).

i.e. laboratory generally izxti aust not te.

Analogously we are ccav..acu,, taar with Z0 >2.31 the optimum

control will te

U e = (U (I.  U ( 1.  U ( J) . U ( (o ) .

i.e. laboratory one shculd tj i-- iaaediately, and to last year

preserve. In this case sax.Laa "4ia wili te equal tc
W = 14.4Z,- 21.6.

?ig. 13.5 shows tuc o,?t..mui ,Lajactories in the phase space for

two concrete/specific/ctuA v.,,,b )f Zu.
Zn=2.2<2.3 it Zo-2.4>2.31.

The first trajectory ccrzej.ai.z ro c..ii tse %hen means to the

laboritory are not releas4u tars 4scia4 - tc case when laboratory is

finanzed in any stage, ixcd&t r,.A aczr itself.
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, 4'

J S- 1 . 27 /I-I

Fig. 13.5.
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Let us note that in car axar& nzi optisu control, depending

cn thi initial su~ply or mau d., ii constructed according tc the

type "all or nothing" y *xazr w.La ;i sufficient supply of means it

is necessary always (except jodc~~a) to hold latoratory, or, if the

supply of means is irsutfa~cianT., ro aa ac way start it. Here not

under such initial ccndit.mon. LavA.,z cia Da advantageous at first to

accumilate means, and tc tae" euL ).d into tte laboratory.

rhis is ccnnected h.at a Latt r.Aar; we considered too small a

number of steps/pitctes (m=4j . L. .s pi.ss.Lble tc prcpcse to reader

this axercise: to supplemient uu &a.it.Lal data, i.e., to assign

function FM'(x). Fts)(x).. . d&A Aee.4-,;Lras/ccnsuapticDs a (4),* a(5) ,
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... # ind to attempt to ckbtdi siu(; solton during which optimum

contril will be "mixed": at -.a LAta steps/pitches the means to

the Liboratory are not relb..ea, ad taen this becomes advantageous.

S14. Tasks of dynamic jrj~h.a WLrta the ncnadditiva criterion.

all tasks of the d~aaA k)Lza&iaq which we exaiined, until

now, they belonged tc tte zis o.& tae "additive" ta-sks, i.e., such,

in which it is maximized (.t as~ i.iaizadj the criterion of the form

IV == V *(41

where--, - the "Frize"l, acju.~rau .al tani ~ stage.

,;enerally the *etlod it ayiic programhing can be used also to

the "Aonadditivel' tasks, in waL; thi criteticu is not represented in

the form (14.1). Scme ct ta6a a~ zelucad tc by the additive simple

conversion of critericn.

Aere we will ccnsidur ice a.L~las- iorm cf the tasks, which are

led t3 the the additive, adawly .j tJ with the multiplicative

critarion.

#@Multiplicative" we w.L" 4.... . criLterion ("prize") W, if it can

he represented in the fczm "~ T-um eraact of the "prizes", reached in
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the single stages:

'tm

1  2  ... ( 1 .2 )

Page 137.

Et is obvious, any MU...JI.&Ca.iV& criterion W cf form (14.2) can

be artificially ccnverted to za 6uditive, if we take the lcgarithm

expressicn W:

N -(14.3)

and ta designate

V -- W .; v==I. 1 (14.4)

We will cbtain the new cZiT.4*.I

v i*I , (14.5)

possessing the property c! a.L"t, iad turning Into the maximum

(miniium) simultaneously wiAA r,.

"et us consider twc e Aap of tasks with the multiplicative

criterion.

i. Distribution c Cf pzo4.&e; accordirg tc a targets which

must ae struck togetter. lar. taos. be at our disposal by a of the

projectiles by which we wxs s o ija a of the targets:

U1, U2 ..... U, ( M < .,

the zambat missicn lies in " A&-. radt to strike all targets
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without the excepticn/eliiaac.x&. t. is necessary so tc distribute n

cf pr~jectiles cr m taz'Ets ao tan z prctatility of the ccubined

damaga/Jefeat of all tarjats i .uou.A.d reach maximum.

Ae will consider tke UJxtL..,&UA.tiJLI 0£ pro4etiles as m- the stage

opericion, in each stace o. =ii" ijczuzs the extracticn of certain

number of projectiles tc tre se.=zic tazget. Let us designate k, a

number of projectiles, l1ic.d..euL Ao taa i-th target (i=l, 2, ...

a). Contrcl u will ccr.sist o.. &. seiectiLcn cf the rusters k. k..

U =-- k : ..... k. ) . 4 )

and i: is necessary tc selc. Lz wetiaally.

.et us assume that in L &%jdss or the tcmbardiant of each

target are expended/ccrsuamu ai. 4.aosea iatc it projectiles and the

rediscributicn of means is awc zouuzed. Furthericre, let us assume,

that th' discrete targets ao 4u..rIsed by the chosen cr them

pro je:tiles independertly or ian other.
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Then 4ill probability all a oc L&aecs is equal to the product of the

kill probabilities of tke aio.czUt targets:
I

hWk-kP, (kek. (14.7)

where p,(kw) -kill prcktij .( -.;i T.Id i targat by isolated on carried
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by projectiles.

For the soluticn cf Fo-ud rIwlda It is required to assign the

funct ion

P, Ak). P.() ,,( (14.8)

characterizing the vulnexausii w traets ard expressing kill

prota~ility by each ef tkeu Arw.n on nuiber k of chosen into it

pro jectiles.

If all these functicns art iAntical:

PI (k) = P2 (k ) =.....= P. (k) = P (k).

i.e. the vulnerability Cr a. t.,sts some and the same, then task

becomas trivial and is riaucaJ ris ri. bute prcjectilas on the

targets about the possiil.Lt. tvou-..y. But if targets are dissimilar

by thi vulnerability, ctviouali, iae luantity cf prcjectiles,

saparated on the tasis ct ra - vulaerable targets, oust be

relatively more.

3efore slinging the sfl~ri z y .ce methcd ot dynamic

programming, let us ncte so*w oz .rs properties.

Each of the functicns P,(k). aes zerc bith k=O, i.e.,

P, o) 0 1= . 2. m.
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therefore, if we do nct tu., 4L 4wast one cf the targets, critericn

W will beccae zero. Hence Lo.&oas tha conditicu

=I I 2. . t).

i.e. in each target it is t a isolate at least one

Frojectile. Furthermcre, s projactiles cu the basis cf the i

target, we must rememeter avout tar 4act that tc thcse remaining 2-i

targets it is necessary wi T-uug, L.Ail to reserve at least cn cre

projectile; therefore each (;A. tra valuas k, is limited not cnly from

belc4, 2ut also cn tcp"

S / .", -, I. (I1,.9)
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In order to use tie maor."ou A. d1nymimc Frcgramming, let us pass

from aultiplicative critario. I.7) ca tae additive, after taking

the logarithm it with ary Lai-/Laae (for exasFie, natural e) :
I

In W In P, (ki). ( 14.10 )

in order not to deal ccacj.ang agative numbers, lot us

iesigaate

jI1nWJ =V. IlnP 1(kD) ,(k) (14.11 )

and wa will ottain tie raw - aoai.;va - citerica

- ( (14.12)
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;ince we changed tie sja or. crd.trion, then value V it is

necessary to no lcnjer tc our1.a.64, t minimize.

thus, tasks it is teducud %o ih1* foilowirg: tc find control u,

which rotates into t.e uiniia vd4ue (14.12).

rhq cbtained task cal. ro m.Ld raat exauined into § 10 task of

distributing the rescurces/i.Ltr..vjxs vith the redundancy.

Actually/really, availatle n cL e.tjeciles can be considered as the

initial means which intc ead syip )f oparation are divided Intc two

parts: separated and reservtu, m*j.cver the separating means are

expenled/consumed to tie eau/ia. Taa sjocial feature/peculiarity of

this task in the fact ttat, -a i first place, numher cf the means,

saparstad in each stage, cdn ncvy only intecex values, limited by

condition (14.) ; furtletacr, ua. "Ilncome,' f V it is not maximized,

but iz is minimized.

in the tasks of distriDu..n rhd cesources/lifetimes we, for the

uniformity, each time as tuo a4Q. space axauined triangle AOE on

plane xy. Here it wculd ca po ae to do sc, tut be will prefer

ancthar, more demcnstrativ4 aesaou or the image of the process during

which directly evidentl) not LI.j conarol, but also the obtained

"prize".
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Let us considar as has. sr rh* Sat cf the setraight/cirect,

parallel to axis abscissas: o-i', p-,.°., a-,, with the integral

ordinaites (Fig. 14.1). Ecint 5, w"ica represents the state of system,

will oe in the prcce-s Ct Zn. c4a.umP~.n cf Frc~ectilas moved with

cne ,)f these straight lines .c thar. If intc this target is

isolated cnly one prcjectira, LabM paiat S will be moved to the

adjacant straight line; if zoo - aie jmped t~rcugh the straight

line, etc.

Page 140.

Thus, along the axis cf cr ;.act. i.A be plctted/depcsited the spent

to this stage number cf pru3.cT. ,I . N Alcng tha axis of abscissas

we will plot/deposit tle accamu.Ltd tar several stages "prize" '% r

Jbviously, the initLa.L 4 f systam S o completely tc

d~terainaticn coincides sinc.. ra crL .Ln of the cocrdinates; region

9.= of the final states of s sz.w is the straigbt line a-n (in Fig.

14.1 :i=9, m=5). It is ncesscr %,.# ft such ccntrol U (this

trajgctory in the phase spac.), uaxia which abscissa V--\":, cf end

pCint : will be smallest.

3olve to the eand/lead suat.o er3ulaa of dynamic prcgramming.

being assigned by the efeclr.c vL.ues at n and m and by the specific
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form if the functicn lk).

6et us place a numt&z oj occids n=1C, a numter of targets

m=5.

Functions .' let us aIS.,A GS foIlows:

[) I = - -- U.I . -(14 13)

S ) I - '7 -- 2
Pk)I-0,59.
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. ... .... ~... . ?

UJ

& -- .. .. . _s :

, __ _ _ _ _ _ _

Fig. 14. 1.

Page 141.

,.et us note that ficm Liiva fuacticns twc P2 and P,) are

convartqd intc zero rct cr.J.L 4=J, Out also with k=1, i.e., the

second and fourth puricsass c~aaiierably smaller, in

comparison with the firsi, " e Lzd aud the fifth. by vulnerability;

to thise targets fcr rs it a2 am .,sar l to select nc 1,3ss than on the

basis cf two projectiles:

ki 2. k "2. (14.14)

Let us pass frc functwn4 {i4.1J to the rew functions

v, (k) in Pi (/')f (i = 1. 2 .... (5 1 .1.5)

and far simplificaticn .a tu.taaz caicaiaticns lat us make tahle the

values of all functicns t,(k) (Sdw Laili 14. 1)
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?lotted functicr t,,k . 5) .- tny are represented in Fig.

14.2. Since functions are u4eziA z oaly milin4 the integer values

cf arjument k, then lines Fl,. 1'.z 4hids curves, but by broken

lines.

Process of plannirg/yi...a, &ozt us develcp or the standard

diagram. As the value, uhica cn ztarizes the issue cf the i

step/pitch, we will exanint .uiAA. "t at the prcjectiles, which

remaiaed at our dispcsal ar Gr r-aw extracticn of means to the i-th

tar g~.

1. we fix/record issue wt .uu.Ltu sep/Fitch n, - aumuer cf

projectiles, which rezaines .. .u. dLsposil after extracticn of

projectiles to first fctr it us determine the borders in

whici it can te located ry a*. lu :ifta target it is nacessary to

leawa not less than cne izJc~Li:

Tabla 14.1.

IX 00

2 0.041 I. 139 0,010 1.20-1 0.2,M
.3 000R 0,552 o.)01 0.616 0,13.1
4 0,002 0,298 0 03.58 0.06,5

0.000 0 0._169 0NO 0.222 0.0-32
0,00 0,093 0.000 0.113 1 tj1

7 0.000 O,!OK8 0.00 0.094 $100)
4 0).( 0,031t () i)0) 0.0 3 .W) I
9 0,000 0,020 0, )1O" 00." t I iY

10 0,000 0.012 0,O) 10)20 00)01
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Page 1142.

3n the first four tlrylz w c rel- saed not less 12+I1+2=6

projectiles, remained nct Nc zz iour. Thus,

I <_ 4.

Lt is obvious, cptasua - on the fifth step/pitch lies in

the fact that all remairing , rojeotiles to isolate into the fifth

Fur o e: (n') = ,. (14.16)

In this case the valuo vi c .aecian V, reached at the fifth

step/gitch, is ccnverted iata &n ULkiaum and it is equal

(14.17)

Chis value for anj va"uc o. ", zaa ba found from the latter/last

column of Table 14.1. let uti ze.&xer ii new table 14.2 conditional

optimam control cn tke tift srezel/irca k,* (n4) and value of

criterion Vs*(n,), reacked 44 cn-- cantzol at the fifth step/pitch.

rable 14.2 is ccntainka tj ut rds of optimization at the fifth

step/pitch. Let us ncte that neie Lt djas nct have sense to construct

graphis, since tho possitle v.Aiua uf 4rgument n, integral and there

are faw of them.
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2. Let us set n3 - Du.A QA ir jdctiles, which rsmained after

extraction of rescurces tc r rs %..rie purpcses.
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U2I (

-5 • . 6 7 3 2 10

Fig. 14.2.

Page 141.

Let a:; letermine the bcurddr.&a wnizh lies/rests n3 . To the

ramaiaing two targets - iCLZta Q, tae tiith - it is necessary to

raserve nct less than thr" r4u)a4;iles, aence

on tha other hand, tc tie z r .A&ew tiarposes is spent not less

1.2.1=4 projectiles; reoaiae.. uz more than six. Thus,

3 < n -- 6.

According to standard ecau-.e ra us is necessary with each of

the 9ossitle values cf r3 " ai¢.&w..za "prize" V4,s for the latter/last

two sreps/pitches durimS aa, courLui da tne next-to-last step/pitch

and optimum ccntrcl cn the -

V+1 , ) )+V ,)
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cr, t king into accourt tkict n,=-k,,

V4. s(n3. k4)=t,I(k,)+V,(,, - ,,). ( .!

Zhe conditicnal cit±rmum j.r V,.(,t) and conditional OFtimum

equation k.*(nj) they %ill La LcYed from the condition

where the minimum is taken i, t of all values of a number of

chosen prcjectiles k,, jer i, u t ita ;ais E.3.

ising data of Tables 14. I -- 14.)2 (intc the latter it is

necessary to enter with n -#, LL-sraa )z n4) let us make table from

twc iaputs for functicm (1i4.Idja ez Tiola 14.3).

The drawn a line xdp 1aacuus.i £aule 14.3 correspond to the

impossible, with this r3, v.uuz &4. ia each table row is emFhasized

minimum value.
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Table 14.2.

&, (.) v:(.,)

I I 0.693
2 2 0.288
3 3 0,131

4 0,065

Page 144.

It equally V,,s(n 3 ) detemie.-, t.&t.aL l optimum control at the

fourta step/pitch k,*(r 3 ). L t,, Leluctj these data in Table 14.3.

raale 14.4 solves ccmimd Z-A jroDleu of tae optimization of

the fourth step/pitch.

J. we optimize third sw/r4.ch. ge are assigned by values of nz

for 4aich we define the touaud. - . For the first twc steps/pitches

is spant not less than thra i..Gjw,;ti.,; remained net more than

seven.

Zo the latter/last thi.. *.b/pirches it is must be reserved

not l3ss than four prc-ac..L.jzk; zisaquantly.

I , , 7.

de construct tatle ,..a td, .-&p.at ot the values cf the function

k, ,, , +1..,)- v1. (,2- ) ,. 20)
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(Tabl 14.5) and we see k i* aca &"a of this table mininde cumber:

v i . =( , m- ,, , , v . .( ,, . k )l. (1 .4 .2 1 )

it,

- --- -.. -~ r-~.. ~
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Table 14.3.

12 I it _9

6. -- Ti -

Table 14.4.

1.090
4 0,64;

Page 145.

Je stress in each tc 4a w .n 4 a.am number, find k 3 * (n 2 ) and

A
V3 ,4,5(n 2 ) and we write/r c(.A zufam in 2aole 14.6.

rhe optimizaticn cf tare tu4i stap/pitch by these is exh.austed.

de analogously cp+.miz4 tiam 4wcad %tep/pitch. we find the

borders of values n1 : 6<n, < 9.

de construct tatle witn to "pat o± the values cf the function

. -(n. k2 ) 142(k,)) --- V n _ (a, (14 2'2

(see rable 14.7) .
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En each line of th.is " .& tLni tae minimam numter:

V2 .14(,)=min . , (,L. 4. 5. (n ).23)

4e further ccnstruct cadil . ;ae optimization of the second

step/?itch (Table 11.P).
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Tabla 14.5.

4 2 ,--
5 1.114 ,7 -ti . "l..19 1., M
7 1 0.751 0,911 1,110 I.47

Tablq 14.6.

4 I 2.002

6 I 1,009
7 i 0,751

Page 146.

4. We optimize first / vdlje n0 =10 preset and is not

variel; therefore simall wo -.ai& &.flAhum of k, cf function
V, .3.4s(iO. k,)=v,(A1 )--4- .. ..,(10- k,). (14.24)

being absolute minimum 1 cr a.Ih,, V:

V V''3 4, mi (V 1 , 1  , k,)). (142.5)
k/,

The vilues of functicn 41.4 Lo g;.van n table 14.9.

imallest of numkers ia ".o 14. 9 Ls equal

L/ - V ,.1. ,. -: l , I

and it is achieved by citiuA ,4.,oA.Loi at the first step/pitch

k - I.
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Table 14.7.

S 3. 141 -
7 -__.S__ 2,34. -

S , I1 I 4. iii .."fI) __

o I.S, O 'I.'Il 1.712 2.171

Table 14.E.

"1 2 314!{' 
)  

. . ,.7 ."1)

3 3,141-7 22.5.5-3 'l.4 I 17 1 , 2.11N)7 2.5i i.. w .

.561.

Page 147.

In thiLs case probabilitj W u& ic. .,etructicn of all targets reaches

its maximum: W 0*168.

5. Passing again eEtjL~ a,, uica 3t stages from tsginning toward

the aad, we find unccnditioaai 4.eT- .Lum contrcl en each step/pitch,

beginning frcm the firzt:

incluled in Table 14.8 iIta ,I=1, ,e if.nu

r;=k,() = 3h V.,,. -3=.561.

Furthir we have /t2=- 9 - 3---- 6.
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incluled in Table 14.6 1ta .A2=,, Ler us find

k3 = k-s 6) = t .;V !, 4. = ij op

Furth-3r n ---6- I=3

from rable 14.4 it has

k--k:(5)=3; V.s = 0,904.
Furthar,

= 5 - 3 = 2;

from table 14.2 --k;(2)=2:V =0.288

rhus, optimum ccntLoi 1.- LGaU:

U'=(I. 3. 1.3. 2).

i.e., for achievement ct ta6 aiA.um Kll Fictability of all targets

W it is necessary tc isc.lae iaw# .hd first ard by third of target cn

one projectile, to the ecoi.a 4ii, zourta puupcses - cn three

projectiles, and the reai" zwo projic-iles tc isclate intc the

fifth purpose.

?or the constructicn oL tzajf.-try in the phase space it is

necessary to still ccsptte vxaiz u; (i=I, 2, 3, 4, 5) the "gains"

["prizes"], reacted in tne -- tajes at t~e optimum contrcl.

Page 148.
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We hve:

:' -V;.." .$.,5- V 3.. - 8 - -.561= 0,223

-- -V 1.561 - 1.009- 0.5.52;

- V4,, 1.009 - 0.904 - 0. 105;

0,- -- .904 - .23 - 0. .616;

rhe optimum trajectczij rA_.At S in the phase sFace will

appeac, as shown in Fig. 1.J.

.et us note that in ta., .&*w.n.&ry wxamFle is demcnstrated nct

the m.est economical z ¢tkcd c-& zw Dolutica cf the problem: perhaps,

EiF lr it would te sclve tna r2bA ci raticnal contrcl not of the

.ynamic programming, bct sla A t,-,oan;rshaft (number of Fcssible

versiins it is nct tcc c iet, a4..iavar, in the aore ccmplex Froblems

the advantages of the zeta.a oL Ijsaai& programming become evident.

a) the distribution ci aiuiea tor increasing the reliability

cf technical device/eqcifmn.. &.a tatre oe ths technical

dqvica/aquipment A, which o a aggregates/units, or the

assenalies

(Fig. 1I.4). .

Fr ,4,4
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I 7'

.. y.

3'f

Fig. 14.3.

The faiilure-free operation u. i~; oi the asSemhlies is necessary for

the work cf device/equi 1 Seat A az dhala. Agqregates/uflitS can go

cut of order, moreover inr adaat.&y oz each cther. tha reliability

(probability of failure-fra - LL1Th of entire device/equipment is

equal to the product of the .e.AQj..t ot tth single assemblies

wh-3rs p,- reliability of t.~e & . saa

For increasing the re.L.aUs.1 L )f eatire device/eIuipment is

isolated some sum cf reeourcws T~a~a resources (expressed in the

money, the weights or cttez .i) .;anl be ia an arbitrary manner

distributed between the a oizh raise the reliability of

sin~jla assemblies. In Crdezt Lc ~eathe reliability of the i
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assemily frcm /, to P>p P. .i. "cassaay to expend the sum, equal

to /, P. ,

Lt is necessary sc to uriute cae tempered resources in order

to do r-aliability cf ertira % cA b I/e IlPment cf maxiuir.

rhis task, and previous, .A his multiplicative critericn, on

it differs from it in terzms vz "a fta tuat the control carries not

discrate/digital, tut ccrti.Bnca.i tara;ter and consists of the

extricticn to each a~srsl ksta bj )f th6 specific sum of resources

X. (i=I, 2, ... , m). Pftez .. aw .;varsica cf crit.ricn W tc the

additiva form the lccaritaia.. je.tioa befcre -s will be the

crdiaAry task of distrittt..-, 4.%; esources/lifetiwes with the

reduadancy (moreover in its n aot form when in each stage are

expenled/consumed to te eanu/Ioiu al illocated rescurces), with the

difference that the "irccme" i- i u iaaximized, tut it is minimized.

Page 150.

de recommend to readek - caa coatrci to sclve tha task of

distributing the rescurces t... 4 .;.c:ease in the reliability with

following concrete/spec2 ,zcz-mA daitd
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:;4 - 5 p, -0.90; p; 0.95; p, = 0.93;

Z 4 . 0. 5; /h= 0,97.

1 -P

J, P. p,) - 2 11 I
i I -

/ P. / .- 1 P

T P -

f4IP , p,) =0.3 In - P

.i~P" P5)=03 'In I -,

I T-- P-5j5 (P, p 3 ,=3 In i- --

All fanctions f,(P) are detzw,, 4.niy for P>p, (i=I, ... , 5).

§15. Stochastic tasks ct dnLi., j&cIramaing.

Ln practice frequertil ieo buca zass cf the Flarnning/glidings

in which roticeable rcle E±L f adaLadim factcrs, wlich affect both

the state of system S ard ?i.zd a. ja suca prcblsms, the contrclled

procass is not ccmpletely as wa~ d by the iritial stite So and the

selected contrcl U, uhile &;G a 4.;aLn degree it depends on the case.

Let us agree also the task o& i &uaiaj/gliding to call "stochastic"

(probibilistic) .

Certain represertatica Q sour 6aldar tasks we already otained

in §12, where was found ouF ir uuimum distribution of weapcns of

Iestricticn according tc tan al,,e carqets. CeFendinc in the case
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a numaer of surviving tc tai. ucLur weapons cf destruction cculd be

the f~ct, etc., i.e., the stara ez sistem, in the essence, was

rando, .

Page 151.

However, with the scluticn oA. Qa pLoDlm we were tounded tc the

examiaation only of the avb,'qa/in caaractezistics cf process,

i.e., they sclved its rct As scaastic, but as ordinary problem of

dynamic Fiogramming.

this method, which is Lsu to caa fact that ths randcm

process previously, even b z# z -ac ioiuticn cf task, is replaced Ly

its averaged, not randcz, urzLe&i.as=d model, is apprcximate and will

use fAr nct always. It gzvas za" ,.esuits only in those tasks of

which the controlled systea 4ca.as or the sufficiently multiple

cbjects (as in §12: aircratt, Ln,iuaents) , and despita the fact that

the szate of each of them vaij Ltnloaly, in tle mass these

randoaniss mutually are li-ju.craud, thay are levelled.

in many stochastic ta ~ j, eaanaag/glidinq this method cannot

be used; into scme it give4 Qu jiaa arrors, in others and it is

complitely impossible. And, -.n Lj cise, does always arise the

question: strongly whether d.i "m cnagad cptimum ccntrol, if we
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disrajard/neglect rardcamebs a"" z6 replace stochastic task cf that

deterained? In crder tc answ% rn." juaszicn, it is necessary to be

able to sclve stcchastic oo.L fa ot dynamic Frogramming taking into

accouat random factcrs.

In the present paragra.- i- wili give fundamental approach to

such casks and let us Flan gunia.&/c-aaon/tcta1 cutline of the

sclution. In the follcwing ,16 w ill. in detail dismantle/select a

specific example.

rhq general/ccmxcn/toza. (14do.n stochastic Frcblem cf

dynamic programmi.ing can te awSciiMd as tollos.

Let there be the physLcal .- es S, whict, in the course of time

variea its state. We can to 4 Aitain aagree act on this process,

directiag him to the desixfu sLua, buit we mcnitcr this process not

complately, since its ccurse, acsiues che ccntrcl, derands also on

the cas-3. This process he wi.l a ;ha "randcm controlled prccess".

Let us assume that wiin taa .oucsa ut the process is connected

our some interest, which is .iwel ay criterion ("prize") W, which

to tls it is desiratle tc taw via imuia.

Pige 152.
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Critarion W is additive:

where - the "gain"9 aclu. 4rd &L thi i stage of Frccess.

iince the state cf systea b .s uy chadnce, then random prcves to

be gain w% in each stacQ, ci.d ,.,l gain W.

Je would like tc E-elect sn 4oat.ol U, during which prize W

wouli be converted intc ths daL~ Au. Bat can be this do? it is

obvious, no: during our anj 4;catxuL prize W will remain randcu.

Howevar, we can select suca i Iuring which the average/mean

value of the randcm Frize a a.& Lou aaximum. Let us designate the

averalje/mean value (vathemacd.L upectation) of value W by the

letter 7: (15.2)

raking into acccunt foxaa.. j15. 1) and using the property of

matheiatical erpectaticcr, lot ui Aegisrer A in the fcrm

T._ W,.(15.3)

wher - ave-rage/mean F..a ia rha L stage.

FOOTNJTE '. The mathematica& exed,.ariin of sum of randcm variables

is equaal to the sum of theiz aaatial expectaticns. ENDFCOTNOTE.
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rhus, in stcchastic tuss ±LA".Le a of the critericn itself W

which is accidqntal, is exna, &ts aerage/gean value "W; tkis

criterion is also additive.

rhe task of dynaiic pz r~ami. xi raduced to the following: to

select this optimum ccrtrc- us, wuicn consists cf o~timuo ccntrols

U,. u .... U* on the sirgle sra u -o taat the additive criterion V

woull beccme maximum.

£t wculd seem, matzr La r. a4.oei ;o the simple replacement of

critarion; however this ncr aa4. iha diftererce betwee.n stochastic

and Ietermined diagrams ci UflnUa. projramming is much deeper: it

concerns the very structura wt retmum contrcl.

Actually/roally, let as z4 chi overall diagram of dynamic

progrimming in the det-mzaa. .o6ssaj, withcut the participation of

randoianess (§7). It ccnsists or t e foilowirg.

Page 153.

Is fixed/recorded the stato %r ujrem Sj_, afterward (i-1)-th

step/pitch, and for each cc Puca 4tates is scught ccnditicnal optimum



DOC 301515C8 FACE

contral at the i step/Fitca. la LAs case the state cf system after i

step/pitch S is cculeteij iaz.jinrd by previc'is state S,-, and used

at the i step/pitch cctrc.A. U,:
S =Si(Si_ . 11i). H5 5 )

Equally prize at tte i .ae/e&,uca Ls completely determined by the

state of system S,-, in th% "Qu .&ai6 it this step/Fitch and by used

contril U,: 101 - Wi (Si l U- ) 115.5 1

So wheAther this will j6 " 5.scaajtic tasks? Nc, not thus. The

state of system S, after tna i 6ter/pirch is not completely

dgteriined by stats S._, aaa coar-i U. but it depends also cn the

case. State S, with given oans Sj, ia.L Uj is randcm, and on given

ones S,-, and U, depn.dS cUI. e.11.ity distributicn fcr different

versions cf state S.

ain -, at the i st /Fuca- a aot a..sc ccmpletely determined by

the previcus state of systm Si-, and oy used ccntrcl U,. but it is

randoA variable, and cr S_ a±u U, deaends cly prcbaility

distribution between its posai.;.fa valuds. But that as us interests

not random gain itself :L,,. au- . o 1 its average/mean value at each

step/pitch, this random vaLi&. r is possible to average taking

into acccunt protabilit) d -s-xuroa and tc Introduce into the

axamiaaticn conditicral mean F ar- .he i ster/pitch in preset

statr S,-, after (i-l)-t-£aj /4h &ad the specific ccntrol at i
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step/pitch t,,:

:v, ~ G5. C1))

de will assume that nt.& t b r3ai.1ity distribution fcr random

state S, and conditicral tza j (15.b) they depend only or S,

and U dc not depend cr. tne 'a#tiLL~torf" of process, i.e., frcm that

how, dhen and as a result or waau 4oatzol system arrived intc the

stat S,_l I.

FOOTNJTE 1. In other wcras, .as itcoiled prccess tas Markcv

character. ENDFCCTNOIE.

Page 154.

dy our task will dEtx.uEa L L each of tte possible randcm

issuss any step/pitch ccnd..CaiA wpciaua ccntrcl at the fcllcwing

step/pitch. Thus, in stcchistic u.oqraJ optimum contrcl itself U*

%ill 3e random and will ae eaca time raalLzed differently, depending

on that hcw will be doeelcpo" zaa"m process. Tte matter of that

planning/gliding - cr tc wor out th ired przcgram cf contrcl, and

to inlicate for each stej/pi4.cn t,= :oitrol which one should answer

any randcm issue cf the prov..c atLep/ itch.

in this - the basic , ueween the determined and

stochastic tasks of dyramic :rov.amiag. Ln the determined task
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optimam control is single d±tu . ..udcated previously as the wired

progrim of acticn. Ir stcca L. tL..SK optimum ccntrcl is randcm and

is chaosan in the course cr p;ocs itsalf depending on the randomly

established situation. Itis .s - .ontcrol with the "feedback" from the

actual state of system tc tau Q.Lol.

Let us pay attenticn -o c.i uora .ircumstance. In the determined

diagrim, passing process ia xrc-,w froa tae erd/lead at the

beginaing, we on each staga 4. "o zouad a ihole series of conditional

optinam controls, but cf tnaa ." c~n.;rois in the final analysis was

realized only one. In stccna~ozc uagram is nct thus. Each of the

conditional optimum ccntrc..s can eaove to be actually realizable, if

the Drevicus course cf ranaom r&U;#ss guts system into the

approgriate state.

3ut how to find ccrditac -.timum control ; on the i

step/ditch of stochastic j zccess? Ahis is - such conttol which, being

used at the i step/pitct, iVA. iatj the maxiaum ccnditicral mean

priza at all subsequment : from the i-th to the a-th

inclusively. How to find t4a.. maLx.&mua? in perfect analogy how we made

in tha determined diagram, d.ru Ls liifarence that instead of the

prize itself which was acciu.,a;, is axamined its average/mean

value.
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2he process Cf ;lainiU,4/ J..&1&gg as always, is turned/run up,

baginning from the latt e/.La: (a-thi .sp/Fitch. Is fixed/recorded

the state of system N,. at;r ka-1)-ta step/Fitch, and under this

condicion is sought the cca tc. U whick ccnverts into the

maximum average/wean ccrdizi. a eize ,(S..) at the a step/pitch:

11, XI -(J ). 15 7

Then is found dependeLco U*,(S._,) and W,,(o Cn S,_,. the

optimization cf latter/last t/.tch is ccapleted. In whatever

stat3 S,-,. randcrly arriveu ..e sstam alrer %-1 steps/pitches, we

alrealy know that to us to i&a Aaztaac aad wtat maximug average/mean

prize we will ottain at ttd .trac../last steF/itch.

rhen is optimized Im-Ij-t.& r.ap/pLtch. Here matter proceeds so

not simply. Let us first fiA r. S,-,2 after m-2 steps/pitches and

will find average/mean irize _ U,-) cn two latter/last

steps/pitches during ary ccnuro. U,, at (m-1)-th step/pitch and

durinj the optimum ccnttol (, rat artdr which to us it is already

known. iow to find this avcir./w.ian priza? We will discuss as

follows. During any preset S,, 4.A zontrol U,-, state S, will be

randoa, but we know fcr it x.a i.wabiijry distributicn, which

depends on S.- 2 and I,. Ran,,cm sata S,, determ.nnes by itself

uaximus average/sean ccruir-i.da.L rziza at a step/pitch _
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average this value takin ui..ao L&.unt the prcbability distribution

of state S,,. We will ct.L... ,:u, "twiaw dveraged" maximum

conditional prize at tte m s.et/r.&ch, dhich defends no Icnger on

S., (on it is done the szUSoAj av v .aJ), tut cn S,._ 2  and Ur_,. Let

us designate this prize

rc it it is necessary t auj in aferage/fean ccnditional gain at

(a-l)-th step/pitch during "nzltj. Urn- at this stap/pitch:

we wiil obtain
, , (S' _ 2. U, -

= .,_ S,,_. ],_ -t W ,(S.._M U,,. i5 ' 1

Page 156.

Let us find the ccttzl. ca,--l -&h step/pitch with which value

(15.13) is converted into t" acL.aim:

,n IS ____ I~~I ( I1 ' ," m n

,. i ,, . .,, .., U,,,_,) +- \ '(S. 2  U,,..)o . (15.1 1)

Let us designate ttis "a&onal optimum contrcl '..., ,.

Thus, as a result of o imiazt-.A& of (a-1)-th step/pitch are found

conditional optimum ccntrci (,,_,tS,.) dnd corresponding to it

maximam average/mean ccrdiinad. erize on tuo latter/last

steps/pitches I .,
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Analcgoqsly is cFtimizre a ,, stIP/Pitch. For each issue of i

step/itch S, is already kac.n ui.;ioaal maximum average/mean prize

at the subsequent steps/picA.sz

., . S,). (15.12)

Since state S, is xanao. ciau;.ts distributicn deFends on S;,

and U,. then it is pcssibla .anuow gaij (15.12) to average taking

into account Frotabilit) d.Lrijudioa S, and to otain the "twice

avera ge,1" (gain = .av", e..ain... ,,~ (Si-. U1 ).

After forming it with tie Avw.r,/iuean prize at the i step/pitch

durin4 any ccntrcl be b...

-. U )-+ 'I', ..... L,- 1. 5 1!.)

Random optimum ccntrcl cn L aer/eitzn U,, _) will te lccated as the

contrl during which value Ih5. 1j) rea;haes the maximum:

1" .... .,," _ i - " , ... ,,S(S , . U ,) .

Applying formula (15.14p csL6.cativaly/seriall) at each

step/pitch, let us find ccnu.tl .L. a9rimum ccntrol and maximum

conditional mean prize cn a. -/pchas ct process to the second

inclu sively.
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The aptimizaticn cf the fiz-i. 4rc/pitc1 has scme special

faatures/peculiarities, ccniuct%; airc the fact that the initial

state So, as a rule, racdom ,~s au~L and it must nct be varied taking

into accc~nt protabilitj disuiuoal.

FOOT4VJTE 1. For simplicity c-. eZ=;%n~drion we take cnly that case

when S. in the accuracy KnowA.. zaakOTNOTE.

Sincs So is not Ly chance, zAr "4.r caadce (ccuipletely determiined)

will je the optimum ccntrc.i w* iiag the first stage, and

averije/mean prize taki~g .6..6c -4"wuat this stage will be

rhus, the process ct ujudmic jrgdmming is conpleted; is found

the optimum ccntrcl

*= (u*. U2 (S1 . U1 (52 ). U (, I.5I

all alements/cplls of wbicn, asca~rt 4;ai first, are randcm and depend

on thi state of system. IcraiG iw.ng to this ccntrcl aaximu

average/mean prize is equa.L Lc .1.

lecommendaticns re~arjJ.&, #.i use/dpplication of this ccntrol

are liven in the fcllcwiny rwria. ct ca first step/pitch to apply

contril U*1 and to await tus raaa.ts o-, tais step/pitch; on the
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secoal. depending on issue ., oz fA.rst step/pitch, to chccse the

optim um ccntrol U*2 (S) ana c zoAth.
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16. "xample stochastic tara or L-- Ifaawlc programming: the combined

fire control and of exF1crjt..cA.

i.et us coisider an el1inuar, aaapla stcchastic task of dynamic

programming.

is produced shootirj ac soa. racjdi s. In our disposal there

are bI m cf projectiles; oL taiz e st-rcticn cf target it is

sufficient one inci dnce/iL&nyajuwt. Saots are not depended; the hit

prob3Jility into the target .i wica sao is equal to P. Each

projectile has considerdbla d.ca/v~lae, and therefore tc undesirably

expend projectiles Ecr notai", ou ti aiready affected target. We

havi the capability, if we w.sn, Q.tar each shct to produce

exploration (for example, to seaa Lezoanaissarce aircraft) and to

estaolish/install, is aftectA ta eat av rot: if it is affected, we

will ;ease shooting and pa.r )z L-. oj o tiles will ta saved.

Howevar, to too frequertly saaa b*lJcitijn is nct advantaqecus,

since this dearly is byjasiiea, Jt 4. Ldct damage to target in this

I II III IIIIII IIIIllll
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case wG Will not plot. Arib- ca juasclon about the reascnable

control of the process of zum ucmuardaent of target and

reccnaaissance operaticrs.

It is obvious, the soxuliu mus; ,apand on cost cf projectile,

the cost/value of explcratio", anA also from the value of target. Let

the cost/value cf projecti.Le s; t.w zost/value of one exploration r;

in tha case of the destrucz.a.n oA -&acrt we obtain the "premium" of A

(-3xprissing, for example, 01 4. us./value of target itself, either

by the cost/value of the re c.. work oi the opponent, or finally by

our material damage which .L da4 essiale to prevent, after striking

targe-). Our task - ¢f a."aj uaabazdment and exploration so as tc

beccm3 maximum pure/clean "J.cuaa f:oa the entire operation

("incomes" from the expendirAres v tkrojectiles and send operation of

prospactors it goes without iaajia.1 ace considered negative). To

select optimum control - tai.. amab ao 3ndicate, when (after what in

order of firings) it is nects o sand exploration and when to

cease shooting.

?he physical system, d".,.Ca v. manage, consists of the

informational componert/ia.LD ( -Lo retor) and weapons of destruction

(prcjsctiles) . The pzccess, waA#n zaKQs place in the system, is the

random controlled prccess, cd .s task oi optimization must be

solvel on stochastic diagram. iseiOn .S average/mean "income" V

/
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from the entire series cf wf,.sa;0s [hooting, exploration).

Ln this example we deaj. co Lan4 ta discreteidigitai random

contralled contrclled pzccs Au "ucse of which system S

irrtagularlyly passes of cn ac= to anotaer. Let us determine the

possiole states of systea as to&ows.

Page 159.

Wi will indicate that sstbm £, a i3 s;ata S"' (0<km-I). if shooting

at th3 target is not yet coa 1 isdz. our firo the soment/torque of

obtaining the latter/last i c .€cr...oa ibout the target is produced

exactly k of shots 1°

FOOTNJTE 1. Let us note that tAW "f3rasation about the target can

consist only of the fact tua. rsw 1,target is not affected", since

otherwise shooting would ob &a4QA.&tely eaded. ENDFCOTNOTE.

For example, "stats S1') r u.tas: is recently produced the

exploration, which disccverP za tne target is not affected, and

shooting is ccntinued. It 16 cv.,jus, it shooting yet vas not begun,

systas also is in state S". s.u aacanntically it is known that the

target is not affected. "Stae ,'*2 mans that frcm the

moment/torque of the adaissawn ur the latter/last information about

,. *
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the tirget, consisting in z" &L. taat tas target is nct affected,

are produced three shots ana is aw fez made decisicn about the

curtailment of shcoting.

Lf shooting is endes ic a &oa~oa (are spent all projectiles,

eithsr it is discovered, tna. t," targat is already affected, or is

simply accepted the scluticn to q.saa snooting) , then we will

indicate that the system is Aa s4.L ""*.

By lettPrs S4') by suisz.&.s wa dasignate different possible

state. of system. One co;g",] .oz to c~nfusa them dith designation S1.

which designates the state a..m. twm after i-th stsp/pitch. In our

procass the number of ate/frc.c& ..I aot at all ccincide with the

number of state.

As the phase space 14e .-A cuilar points s"'8. $". . S4-". S"" on

the acis of abscissas (Fig. Ib.1I.

rho transition of systea aa. AtLyly from one state into another

we wiil represent as arrow/wuL c.r , is snown in Fig. 16.1.

Let as divide process .AAti t&e staps/pitches. Natural

"step/pitch" in this case i Obox.0 Tas fact that in actuality can

be carried out not all a CZ *pAot, mast not cCnfuse us: always it is
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possiole the afterward lat.w/A; a-tal.Ly done shot tc count off

uantally still several ticr-Liou6 unis, so that the total number of

shots (real and fictiticus) wcuw ue always equal to m.
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77m S(, 5)FJ_ I Siff)

Fig. 16.1.

Page 160.

wGxPlarationf we will ect cO,&24 f4- ;M si2ngle step/pitch, since the

ctheriiise total number cf stap/k,.tcjie2 would nct be fixed/recorded.

If after this shot is Exoduceadxeji.ocatiofl. then we will carry it to

the same step/pitch, as shot,

rhus, we have three va~as of tas steps/pi.tches: shot, shot

with the subsequent explort.c du~~a Zictiticus shot.

L~et us consider pcssiau.L ciiarzols at each step/pitch. If system

is in state -shccting .s h.Leady iwaded, then there is no

sele~tion, and the only Fobis.bkii jit and optimum) ccatrol will be:

not ti shoot. But if system .s iLa tate S" 0A:-) then at our

disposal there are three vervious f the control:

U- to do first-order atd/ Lcu i.e., to shoot and not to send

exploration,
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v2) to do seccnd-crder sa/.ri.4h L..e. to shoot and to send

exploration,

U ) - to do third-ordec s~rs/ .;r, i.e., cease shooting and to

Froduce fictiticus shot.

Let us agree to ccnsai&d. ; if tau exploration, execution at

the previous step/pitch, brou.ga "foraaticn "target it was

affected", then shooting iaamd.LaL.-y ceases, i.e., control U"' at

the following step/pitch is Lozcu.

.et us describe the moT.ca iu paiat S, which represents the

stat3 of system, in the phasa jra#u (Fig. 16. 1). The initial state of

systea So is completely dete&aju.i, coiacides with pcint S'"' Final

stats S. of pcint is coal..er, dteraLned ccincides with Foint

S""). doever, the interuedisaae &Qsations of pcint S can be different,

depending on the used ccntzo, da bu:cess of shooting. For example,

Fig. 16.2 depicts this ccncra/acLfLc/ctusl realization cf the

random process: first are a o &,,e saots without the exploration;

point S irregularlyly is aovod .o S ;'.) In . 4'1 .S . After the

third shot is prcduced tke exA.LQcLron; it is explained that the

targqz is not affected, anu "" is cuturned to state .""

Page 161.
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Then is produced four addi.Lua .L siots (point it is moved in

.'. ,00. s"). it is seat iOj Li~n, At discovers that the target

is affected, and shoctirg casnda iroint S it Jurps from S"' in S"" ),

after which it is continuesA rba L;iQf.a ot fictitious shots, if they

yet nat all are spent.

dach trajectory, s5l1.L4. is ,a i;.3 recently depicted, consists

of m jumps (displacement&/ovAwJa..) of tue phase sjace, moreover to

all f.Lctitious shots, Fzcducfta "Awaly in state S'"'. correspond

"jumps on the spot" with tae U ;o ;he save point S . After each

step/3itch, at which was zutcl U'2) (shct witi the subsequent

exploraticn) , ;cint S can onaj - uer raturn in S401 (if exploration

it coamunicated: "target w n# arfrctad"), cr pass in S'' (if

explocation it coumunicateu: "'iart was affected", and is made the

decision to cease shooting). Lot u4 note that the soltion to cease

shooting to completely tno~ait r.L.,i accsat afterward Proceedings

"tarlet it is net affected", s.uc, keeping ir iind to cease shooting

with Any te;ort of explcrati4.n, .t would ae act more reasonably

complately send it and nt k.oucm tam senseless czxenditures r.

deform us will cost tau Us& - 3f selecting optimum control at

each step/pitch, i.e., to i k4zw wtucu of three controls
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L; ). U t )' must be applied L ti sep/pitch depending on the issue

cf tha previous step/pitch. Az &4 bvious, optimum ccntrol must

depend on the parameters cL u &Qoblea: number of projectiIes a, hit

probaaility p. ccst/value uz pzojatiLa s, cost/value of exploration

r and the "premium" cf A. A.., 4s aota caat bith some

relationships/ratios of tha ,azaa.sers tha Frcblam is solved

trivially.
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4

5 8 7

£ .8o O .', S(} S'€ f,,, ONJ"

Fig. 16.2.
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For 3xample, if s>pA, ie., &hw won cast/value of cne projectile is

more zhan average/mean Fzoriu, ".i6h ir yields with one shot, to

shoot not at all has sense, . at ai steps/pitches it is

necessary to apply ccntcl U13. Az LA or r>ms, tnen it has sense to

Fcoluce exploration and ccut.cL U42" uast not be applied not at one

step/pitch.

Lo*t us consider tte 9"ai. '..sa (at any values cf the

parazaters) and will ccnst&at La diagram cf the sclution of problem

by tha method of dynamic pro.ramag.

First of all let us etL auJ..La/iastaIl, from vuat states into

what passes the system undeL tt& wafact of specific ccntrols

ULP". U(I). UM and what in thi.s , . t Ls obtained average/mean prize.

From the state S ") the ay-su.a canuat pass anywhere else: single
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possijle (it and optimum) c~ut4A As U'-": prize w (and it goes

withoit saying average/tean ¢

u,) in

this case at any i-th step/, kozu Lb 9ual tc zero:
, S " ) , ( S0) . ( .

If system is in state S"{ (0 ,-1). its further behavicr and prize

at i-:h step/pitch deperd 4.n coA.Ll.

Let us assume that is u eu coutral U(' (shot without the

exploration). System passes .rra SM to following in order state

S" )". unless ended all jrcjt4.tL6es z.f on the next shot ended

projectiles, system passs ito state S"").

rhe prize, which we i .ni .;,L sa will obtain, does not depend on

that, passed system in S' *"" or a S"'). it cCnsists of two

comporents/terms/addends-: ao. aua4om and randcm. Not random

component/term/addend is neujave anJ is equal - s (we for sure lose

with zhe shot the cost/value ox Lcjactii). Fandom

component/ters/addend is po.,.r-ivw,., and the premium which we on this

shot can obtain, but we caa &au iu. otain. Premium will be obtained

at this step/pitch, if tne c#rwendina shot proves to be

successful, will strike tazjot. Aw us find the probability of this

event.



DOC =80151509 FPAr.E a900

Page 163.

So that the target wculd ba afzc'.d by tae data by shot, it is

nacesaary, in the first jlAc., so ;.hat t wculd not be affected by

;revius k by the shots, raiacas q.iaca would be obtained information

"target it was nct affecta-; zu.ermore, it must be affected by the

precisely +his shot. The p ua&..ry of tais set of events is equal

to

(I - p)hp.

With this probability this so w.6.l arnj to us "income" in the form

of pramium A; with prctabiJ.Ly 1 -(i-p)*p it will nct bring to us

incoma, i.e., will bring "oa=". Avacaga value A and 0 taking into

account their probabilities; w., onan average/mean inccme frcm

this shot
A (I - - p)kp - - .+ I -(I - - p)kP = A (I - -p)&p .

iubtracting frcu it tas cw.*r./valaa ot prcjectile a, we will

cbtaia the full/total/cc.e dv~wJa4a/aean prize, acquired on one

i-th step/pitch in tie inir.z..Ll stae of system S' ) and contrcl U1' 1 :

-1 u0')= A(I -p)*p-s. (16.2)

Let us assume now that o a sstm, which is found in state

S4). i3 used control U'" (suou d.u taa explcration). Furtaer fate of

system depends on what inforad.t it wkll communicate exploration.

If this information will ow "tAvwL iaftated", then system will pass

into itate S'0); if "tarcat ad az.cuue-", taen system will pass into
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stata S4M'. Probability cf Lst ur taese events is equal (I -p)+l; of

the second I--p)'.

,.at us count averaw/m.a~n , daring the use/applicatic'n of

contril U 2. It is compcsed j ru ..eLiau.a expenditure/consumption

(cost/value of projectile an dh urition) , equal - (ser), and the

aver'je/mean income, equal .., A(-p)p; altogether

L ( 
( U")-A(I -p- p)!p - (s + r). (16.3)

Let us assume that to t.ia 6 ei. which is found in state $*. is

used .'ontrol U") (shccting L ,s aid ). Point S will move in S'. and

prize (both actual and averada/itaa") w..i. be equal to zero:

W-_ (sft" u(3)) = 0. (16-4

Page 164.

•elying on these data, ma wi.. :onsrruct tte process of the

optimization of control. LT. U i auti, withi u-th step/pitch. Let

afterward (m-I) step/pitch "a ad in state S.., (it is not

necessary to mix this stare a .i d iat , -'!). There can be twc cases:

either we have already been cuu at poant S""' (shooting it is

ended):
Sn -I = SV") .

or shooting is not yet ended, taa tna we can be found in any from

the r3maining points:

S.. -St 't (0 .. . -I.
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In tha first case the czly scs .A.w (aal, obviously, cptimum) will be

Contral U":
U ( S

( 
,") = U

( }  
]55

In tha second case possLiuy 4.. t two contcls: U(" and U " (since

to saad exploraticn aftez ika.A/s saiot no lcnger has a sense).

Lat u3 find average/meam prd tn Yhi .Later/last step/pitch for each

of thise controls. If we w. aso coar.ol U"( (shot without the

exploration), then avera.ye/"aau eaze dt a-th step/Fitch vill be (see

formula (16.2))
&,,, ')/(1 -p)"p--s (k =0. I .rn I).

If we will use ccntrcl U43) t .' ; a., cjaa shooting), then averaqe/mean

prize at m-th step/pitch wii.L &..
(,, S"' . 1j,)= o.16.7)

Conditional optimum c(Lu-cji at a-L! step/pitch U*,is'.'") will be

that iith which this averau/seau r.za reaches the maximum:

Thus, if

.4(0 - p,'p-s > O.

then it is necessary tc c1ooa at a-h s 4 .p/pitch ccntrcl U(n; but if

A1 -p) p-S<O.

- control U"'. The optimizcrL-ja %1L A£attdr/last step/pitch is

comi. ated.

Page 163.

I .- -
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iet us switch over to o&,rj.aitioa (a-1) of step/pitch. Let

aftecdard (m-2) step/Fitch ..Aa ajatex ue in state S,,- 2 : Here again

there can be two cases: eiraar swautin4 is ended, i.e.

S,.-2 = SIM).

cr it is not yet ended:

S, 2 -----S( ) (0 < k a - 2).

If S --=I again the cnil j.auld .ontrcl is U(". and maximum

average/mean prize at tbc sa.;.4/ .a £tes/pitches is equal to zero:

= ..i(S"')=0. (16.9)

Let us find conditloai oei-aum conzrcl and conditional maximum

aver'Je/mean prize cn tbo 1dtdJ/.&sz sTps/pitches when

S.,=S' ,tk-).For this ler .a c,,4=ac voerage/mean conditional prize

F,-_. at two latter/last 5.P/rUCaaS during any ccntrol at (m-1)

the szep/pitch and o~timua C A~rI at a-ta step/pitch. Let us look,

in that is converted this exaze Qrii ciuatrc1sU"4U ( , U('at (m-i) the

steop/pitch, and let us salec-; 4Aic chise three values great.

4o know that the s-)stoa a & m-2 stepslpitches is in state Sl*'.

Let us use to it to (m-1) sa y.cr~ l U('). In this case is uniquely

determined the state ef taw .- aue actrjward (m-1) cf the step/pitch:

S. a r a S(&/p in.

and average/mean prize at ka-1) ua s-ap/pitch will be determined by
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formula (16.2). Therefcre wu c .Amad.aataly write t e expression

- Sk) ( 0) u )+ :(( '

A(I -p) p -s+n(SS' "). (16.10)

Page 166.

Lot us assame that is . ccol U42). Prize IV, _lM will be

composed cf prize z,- at (m-1 j tawst /pitch (se fcruula (16.3))

and tdice averaged maximum , a iater/last st p/Fitch W,. It we

will find as follows. In pre~a. cta S'# afterwa d (r-2) step/pitch

and 14ring contrcl U (2) tae b.sb wi±Ch probabilit (1-p)"I will pass

into state S'0 . and then saximua 4veraga/aean priz at the latter/last

step/pitch will be equal to W,(S"'); wvL j robabilty -i I-p) *"' it

will jass in S"'. and tI.en jz a& taa latter/la t step/pitch will be

equal to zero. AveraginS taeoa zwu prizes taking into account their

probajilities, we will cjt41i f
W,, (S'. U (2)) =(I - p)'' "(S( ))

and W*- (S M). U,2')=
p& -(s-+ r)-- I(l-FF (V S()). (16.11)

Finally, during ccntzol U3' at (a-i) the top/Fitch average/mean

prizi for the latterulast ;ww a. 1 /Ii.cnds vi 1 be equal to zero:

_,, (S' .U' ) =o (16.12)

et us find maximum a& 4.bQ va, da (16. 0), (16.11) and

(16.12 ) :
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oo =siss ; .JS/'= a Pg~ .s*)

(S k)_ ,(S M ). u " ()  )

A;_. ((I" -U'3p )"

= max A( -p) p -(s+r)+( - p) '*(S

0
(16.13)

Then from controls U". U'.). U(31 . r. wi;a rraches this maximum, and

thera is optimum conditicnai C€,=,t.ol U,,-_(Sth)at (a-1) the step/pitch.

Page 167.

is in perfect analc~y ot-A.a.Awsd aay (i-tb) step/Fitch (1i<m).

Fiksirueu isxod (i-1) step/i..tcu S_ 1. Lf

S- I = Si'.

the further control will De U(a  4,u pr.ize at all subsequent

steps/pitches zero. If
$,_ S3{*  (0 /S < 1- 1).

the farther behavior cf syste " avcage/sean prize depend on

control. If to i-th steF/pLz.h A usad ccntrcl U"'). then

and ,.S( M . u()=

= 1 U, (s'.u + rV, (S(. ki ('. u'"

= A ( I - p ) p - --- , ,kS t °

Lot us ... - &p p-S+W ; . . (16. 4)

iLet us assume that at -ta .pp u toward the system. which
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is f3and in stateS ''40 Asaa).ia ;a .ntzjL 111" AveCage/sean

prize w'i.... h ill o Oa wf avoraje/eau prize W, on i-th

the step/pitch (see fcrmui looJj, sad twice averaged maximum prize

:'. at all latter/l&.*, £Sdm/pealraegs teginning (i+1). This

twice averaqed prize let u ia d.ta Qaa help cf the fcllowing

reaaoaings. In preset starm S'*) A.&erward (i-1) sta/pitch and during

contr] U12) at i-th ato-/r.; ,. siszam with probability

(I -p1*I will pass in S". aa4 ..,n s4xiaum average/mean prize at

the Latter/last steps/pitcn, .j,anni a (i.1), there will be

* ..~ (this prize be &., &s fauad, optimizing (ilI)

step/pitch); with prctakiL1.t. -(t-p) m the system will pass in N("'

and then averaqe/ean rizeAt .&A suoseq4ent steps/pitches will be

equal to zero. Averaging tuou u pc2:Lzb taking into account their

probaoilities, we will cbtaL

...............(s'". u') .

and
Fri+, (S'* ,. U 2') A (I - p)p -(s + +

Page 168.

Finally, if to i-th stre/ di/lli . e used control Ut".

avera4e/sean prize at al. suas. ,.t szops/pitchas bill be equal to

zaro:
.......(S'"I. u') -. (16.16)

L.t us find maximum oL osA.6asias (16.14), (16.15), (16.16):
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,,f,:bI= ..... (Si'. u21)

FV*. Stkl Ina (St k).

T 4 ( 1

(16.17)

The :o*ntrcl-LU'. U'or U' 1".- Z au.&Ch AA dchiewod this maximum, and

thers is conditional crtinsua cc&t., 4; 2-tb step/pitch U,-(sf').

A3h, optimization Ct t.e as.. scp/yA tch is imFiemented ca the

same principle, with tke diaawt i6h~ i.nitial stateS"" is not by

chanc-i and hypotheses eour. bt to aaAL@ not necessarye

If to the system, whjL~a 14 Ljunl Aa state S"'. ca the first

step/,)itch ccntrcl (I". then ,t .', paies into state S"' and

average/mean prize will L4

If will be used U' '. tsue"

- -. -" ('. un"

If will be used U". p - p .

6Page 169.

iptimem contrcl en tho &ix 1 t{j /p ktch is found from the
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condi tion

I "P-S+ ;* * "(s")" 1,l-s+r)+(l -p)...
. (s).. (16.21)

I 0

Thus, the constructicn cf j*d zoat:oi by randcm process is

ccmplated.

a.et us consider a spec.ic *&aapld. Lot @-6; p=0.2; sl; r-0.4;

A.=8. Let us determine citaiaa ccuszol.

Let us lead the opt2..LLa-cw.' of liadt-r/last (sixth) step/pitch.

If after five steps/Fitcesa or.zag Lj. aLready seded ( )". then we

apply control U'31 (we dc not suLo;.j do ootain at the sixth step/pitch

averaje/mean prize OINS1)=o. iz &Ltar fLve steps/pitches state

.5 i'( 0 O<k < 5). then the selects.u" oz vt.aa control is achieved/reached

deterained by the sign cf ta. 4i6. fa.renac:

A(I -p)p-s; (16.22)

if it is more than zero, it . 4L£.iad control V'). if less than zero

- coarrol U",. Let us ccipuzi tg valaes of difference (16.22) for

diffarent values of k anna Lta. a ;vdacd tAsm to the table (see Table

16. 1) . In the same table in .do .Luer Aines let us give optimum

control at sixth step/pitca UsI(S'") aad correspcnding maximum

avera5e/mean prize W.(), i & &o ,ttvz/1ast chair cf the same table

let as place the same data zuz cd~e S5=-5(6'.

---- .-- n i-m
- ' - '

Ni I ~ m n m m m
o B f • imnm
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Table 16.1.

A(0 -p)" p-s 0.60 0.28 0,012 <0 <0 <0

us* U111 U4 1) U01 I1 i'b U ) UO'  U" i

'(i 0.60 0.28 0,02 0 0 0 o

Page 170.

table 16.1 contains tag i ./ oca4L/comFlete results of the

optimization cf latter/lasta tar/retzh. It is Fcssible to foxnulate

them as follows. If her.oG E AlCeady five shots and the

latter/last informaticn abou,. caw cargt (target is nct affected)

they acted recently (k=O) a.L&.asA. ,r oaa shct tc that (k=l), cr for

tvc saots (k-2), then it is .acaiionary co produce latter/last shot.

moreover without the xicr..i.m tuoato.. U"). Eut if from the time

of obtaining the latter/last " "aLIon abcut the target are already

released three or acre than ano,,, tean should te ceased shocting.

Thus, our optimum eh.v.-or && tag sixth step/pitch in the

accuracy is defined, nc uatrz u mu untisued the events at the

. previous five steFs/Fitcbes.

ro optimize ccntrcl at .ad ita atwi/Fitch we viii be, usinq
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formula (16.13) and keariny .n a.,,tu raat iuncticn w,(S"' ) with any k

already is in table 16.1. ,ao w. a o ccupare net twc, but three

numbars, bhich ccrresFcad tc tac.. cu;rojs; bcwevzr, since cne of

then zorresponding tc ccntzo. 0 31, ilays zero, then write cut we

will a* only twc of th4m. IL c4L& Luabors prove to ke positive, let

us select the contrcl wkicn -cz4cads greater of them; if cne of

the naubers will be Fcsitivo, auaer - nagative, let us select the

contrl which corresrcncs to roa..Lvd ausaer; if both will be

negative, let us select ccn" o.L o 4'. Dac a Iet us reduce in Tatle 16.2.

rhe optimizaticn cf t. f&., srea/p.Ltch is carried out. The

output: after tee fourtb te/g-" aaer no conditions it is not

necessary to send exclcr4atic.
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Table 16.2.

0 l 4 6

.A(-p)*P--S-+ p Ps (Sik)) 0,88 0,30 0,02 <0 <0
. ( - p) p- (s + r) +

+~~_,),,. 1 (S,,) 0,68 0,26 <0 <0 <0 -

.';S'k U01, UM UO', U13 UP), U13)

(S' 0.88 0,0 0.02 0 1 0 ,,

Page 171.

If the information ahout tac ;azr . Is obtained recently or for one

cr tv. shcts thus far, then .t &.a ne;isary tc do the fifth shot

(ccntrol U("). but if free tne aoawmue/torqud cf obtaining the

latter/last information adu taut target are dcne three or mcre than

shots, it is necessary to CeSu ozig

.et us compose analogoua raa& for tae optimization of ccntrol

at tha fourth step/pitch (Table 1o.3).

Jptimization of tte fou&.ts sw&p/pAtch it is carried out. The

cutput: if after the third ,se&/V..ca aystem is in state 01 (are

recencly obtained the infora4lton dbout tae target) , then at the

fourta step/pitch is ecually pLQL..taaii any of the controls ". U'2 -

to do a shot and to send or &Ca {- sac!. exploraticn. If the

informastion about the targe i uuta.Laid for cne shct or for two to
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that, optimum contrcl bi.l1 '2'
- .ihot and send exploraticn. If

the iaformation about tte rag .b o3.iaLzad for three shots, optimum

contrils 03)_ to cease shooii-."

rho optimization ct tae taa aad saccnd stap/Fitch is carried

cut in 'ables 16.4 and 1b.a.

during the optimization or rae .ist step/Fitch there is no

necessity to vary the zesu . cz ,rewious. The state of the system

befori the first step/Fan &"6L S0'. Therefore in the apprcpriate

table there will be cnly cne cc~u ,, waich ccrresponds S'°0 (see Table

16.6).

rho process of the opn.smra,.un oi contrcl is completed. Is

found the optimum conticl: u.co. nal - cn t.e first step/pitch

and conditional on all cthere:

U =(U;=U". U; S,). u; (S2 ,. L(S3). U;(S 4). U (S,)).
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Table 16.3.

/ _ _ 1 2 3 6

IA (1 0.90 0,30 0,02 < 0 -
A (I-p) p--(s + r) +

+ ( - p)?,+ +I (s(o)) 0.90 0.34 0.07 < 0 -

tv. .6 (SIk)) 0,90 0,34 0.07 0 0

Fage 172.

The corresponding averace/idan e e W*=1.08; in other words, the

*axiami avsragi/uean inccad whaca we can attain, rationally ccmbining

shooting with the exrlcratiLo, ia uquai to 1.C8.
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Table 16. 4.

SI 2 6

..,(1-,p)" p- Fr' .(SI 1
4") 0,94 0,35 O.Y2 -

4(1 _p)" p + (s+r) +
~<~_~f ,.-.(sO, )  0..6 0,08 -

u", ' '  Um" U12) (112)  Uta)

V . ( s'9) o9 , o . 0 , 0 8 0 J

Tabla 16.5.

1 - p)"- S- 4F( S. , 1,06 0,36 -
.1 (i - p - (s-4- r) ±

-1 p-")' P' 136(stO) 0.95 0.48 -
( I -P)' + I Fv. ,. 3. 6 (sI°O) oo o4

Lr: (S' hI) u'" u '2  u'

' .. .06 0 .4 8 0

Table 16.6.

• (1 - p. ,! j .08
P•4 4 - .v (S--P)-- + 1 '. ., :. Sl,) .5

3"-- F .: . 4. 5. S 1.08

Page 173.

Let us look how Cccurs i u alizAton of optimue control.

At the first step/titca w 4ways agply contrcl U"). i.e. we make
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shot ind we do not send exvuiacti.u-. As a result of this the system

passas into state S'". In taii s%, a can be seer, frox Table 16.5,

optilum control is U'2)- to -o a 4or And tc send exp'loration. If

exploraticn communicates "uaA.Ser t Ls affected", then shooting

caasas, i.e., at all stIaesa at api/pitches is apFliad control V 1.

But if axploraticn ccmrunic4di. "ar~e; it is nct affected", then

system passes into state .0. in a is scate, as can be seen from Table

16.4, at the third step/pi-cJL sucoA.&d a to apply control Y" (done a

shot And not sent the exiloz~ti .nh, is a result of uhich the system

will pass into state S'.

Jeing converted tc TaDi. 1u.., da zind cptimus control cn

fourt4 step/pitch U0) (t c snwcr aia to send exploraticn). If will be

reported "target it is a±±eLe&", shioLing ceases at the following

step/pitch. If will te zeFori4 11& " er. it is nct affected", then

syst9m passes into state S0'r0rua taola 16.2 te find cptimum control

cn fifth step/pitch V) (to .huot ani aot to send exploration). hs a

r~sulr of this ccntrcl the aalat-a will pass intc state S"'. Frcm Table

16.1 it is evident tLat in t ,i c.e tae optisu control at the sixth

step/pitch again exists V1".

?ig. 16.3 depicts the rT.&.tijwtry if point S in the phase space

durin4 the obtained optimua c € nstructed on tha assumption

that zhe first exploraticn cu&Acattsa "target it was not affected",

but the second - "target was affected".
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5

Fig. 16.3.

Page 174.

In our example it turn Jut that in the optimum ccntrol U* are

iaclalid only ccntrols Ul" dAa V". aad ccatrcl U' appears cnly in

the casa Proceedings "targb; IL a affacted". This bill not always be

thus. In cther parametezs: or tn. j.oolam contrcl U ') can prove to be

advantageous and vitbcct o Proceedings the "target is

affectetl". We reccmmend tc e.adua is tae exercise tc find the

soluticn cf problem with tne £A±owlag paraueters:
! I !

m=5; P=.L; A=I; s=--

Let us jive for the collato" tae rwpriaua ccntrcl which must be

cbtaiaed during the sclcticn oL tais task

U -(U . U ). U01. u3). U 0)

rhis stochastic tast jrL~ovas .6, in a cartain sense

"legenerate," since cptimum utA, is no; by chance.
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